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Abstract: The present article is destined to study the Finslerian hypersurfaces of a Finsler
2

space with the generalized («, £)-metric such as F = vla+v2ﬁ+v3’8—ﬂ where v, ,
a+

v, and v, are constants and v, = 0. Also, we have looked at the hypersurfaces of this
specific (e, ) -metric as hyperplane of first and second kind but not hyperplane of third kind.
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1. Introduction

LetaFinsler space F" =(M",F) defined on n-dimensional, i.e., a pair of an n-dimensional

differential manifold M" and a fundamental function F(X,y) . M. Matsumoto [8]
developed the notion of the (e, ) -metric, which has been investigated by numerous

authors including Shibata and others ([2], [3], [5], [11], [12]). If F is a positively
homogeneous function of « and g of degree one, a Finsler metric F(X,y) istermed as

a (@, f) -metric F(a, 3), where Riemannian metric o = ./a;(X)y'y’ and one-form
B=hb(x)y' definedon M". A hypersurface M"™" of the M" denoted by the equality
X' =x'(u*), @¢:=1,2,---,n—1, here u“ are Gaussian co-ordinateson M"™".

Matsumoto [9] introduced the systematic theory of hypersurfaces in 1985. He studied
numerous types of Finslerian hypersurfaces known as hyperplane of the first, second, and
third kind. 1.Y-Lee [6] discovered some Finslerian hypersurface findings with metric
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ﬂZ

a+— in 2001. In 2009, Narasimhamurthy [10] have obtained some results of

o
ﬁl’H—l

n_ "

hypersurface of a Finsler space with the metric o + Chaubey [1] have obtained

some geometrical properties of Finslerian hypersurfaces with special (e, ) -metric in

2017. Recently in [13], they proved that the hypersurface of a Finsler space with
exponential («, ) -metric as a hyperplane of first, second and third kinds. In 2020,

Pradeep Kumar et al. [11] have investigated cetrain geometrical properties of hypersurface
of a Finsler space with generalised («, ) -metric, also proved this hypersurface as a

hyperplane of first and second kind.

In this article, we investigated the cetrain geometrical properties of a hypersurface of a

ﬂZ
+

Finsler space with generalised (e, B)-metric F =via+v,B+v, where v, ,v,

and v, are constants and v; #0 . In addition, we have demonstrated that this

hypersurface is a first and second kind hyperplane. M. Matsumoto [7] is cited for the
notations and terminology used in this article. Firstly, we gave a introduction for Finslerian
hypersurface in section one. In section two, we go through some basic concepts of
fundamental metric tensor, cartan connections and hypersurface. In section three, we have
discussed the criteria of induced Cartan connection. Finally, in section four we have
discussed the hypersurfaces of a hyperplane of first, second and third kind with generalized
(a, B) -metric.

2. Preliminaries

In this research article we have consider a F" =(M",F(«, )) be a special Finsler
space with the generalized («, ) -metric

ﬂz
a+p’ @

where v;, v, and v, are constants and v, #0. Partially differentiating equation (1)
with respectto £ and « are given by

F=via+v,f+v,

2 2 2
F, =v1—v3'8—2, F.. :2v3ﬁ—3, Fﬂ =v2+vsﬂ,
(@+p) (@+h) @p
a? a
Foy =2v, =-2v, p
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oF
Where Fa:Z—F, Fo=% g =F p =% g, =%

a'Tea MTopt " g T T

If F"=(M",F(a,f)) be Finsler space the auxiliary element I =0.F and
angular-metric tensor hij are determined by [9]

y.
l =F 2+Fhb,
i aa L

hij = Py; + plbibj + P, (iji +bin)+ P.Y.Y;,

where

| FF FF, F(F, —-Fa’
YiZaiij’ p= a“, pleFﬂﬁ' pZ:Tﬂ’ pS: ( aaaza ) (3)

Using (2), equation (3) becomes

_ (Vla2 +(vy,—vy) B+ 2v1aﬂ)(vla2 + (v, +vy) B2+ (v, +v2)a,6’)

ala+p)° ’

v’ (1/1052 +(v, +v) BE+ (v, +v2)aﬂ)
"7 @+ p) |

_ 2v3ﬂ(vla2 + (v, +vy) B2+ (v +v2)aﬂ)
S @+ ) |

_ (v1a3 + (v, —v)(B° +3ap’ +3V1012,B))(v1052 +(v, +vy) B+ (v, +V2)aﬁ)
Pa =~ a(a+p)’ - @

0,0,F?

L as well as it’s reciprocal tensor gij for

The fundamental metric tensor g; =
F =F(«, ) aregiven by [9]

g; =Qa; + qlbibj + quin +0, (bin +iji )1
where

2 pF
a =p ¢ =p+F, g :q3+%’ O :pz+?ﬁ' ©)

Using (2) and (4), equation (5) becomes
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q = m[(&q% +v3)a' +2v, +2v;) aff’ + (6v; +12v,v, +6v;)a’ B+ (4v;
2V, +6v )l B+ (v, + v3)2ﬂ4] :

q, = m[vyza“ + (v, (vy +v,) =i —dv,y)apf’ + (Bvy, +6vy, —3v,v,) (6)
a’ B +avy,a’ B+ (v, —vi—v,v, + V1V2)ﬂ4:| ,

G = (al+ 7 [Vlvza“ + (v, (vy +v,) —4E—dvy)apf’ + (3vy, +6vy, —3v,1,)

a’f’ +avy,a’f+ (v, —vi—v,v, +v1v2)ﬂ4].
The reciprocal metric tensor g” of g; is given by
9" = xa’ —xp'b’ —x, (b'y' +b'y! ) - x,y'y’,
where b' =a’b, and b*=a;b'b’

-1

x =ph, x1=%{qql+(qlq3—c1§)a2}, Xf%{qqﬁ(qlqg—qi)ﬂ},

()

1

X, =E{qqg (a0 -0’} 7= (a0 -af)(a’’ - ) +a(a+ab’ +a,8).
. _ 0 9y . .
The hv-torsion tensor C;, = —— is given by
1

pCy = E[Vlmimjmk +0, (hijmk +hm; +hgm, )]v (8)
where
ylzq%_ngql’ m =b —aBY. 9)

aﬂ 1 1 I

In this case, m, denotes a non vanishing co-variant vector orthogonal to the auxiliary
. i
element y'. Let {k} be the component of Christoffel symbols of the attributed

Riemannian space R" and V, be the co-variant derivative with respect to x¥
concerning this Christoffel symbol. Now we define,

2F; =b; —b;, 2E; =b; +by, (10)
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where b; =V b,
Let CI=(I",,[;,, I} ) be the Cartan-connection of Finsler space F". The difference

: v i
tensor D; =T _{jk} of the specific Finsler space F" is given by

D}k =F B, + BiEjk + Fji B, + B,ibOj + B}bOk —bOmg"“Bjk ~C, A" —C}mAkm +CjkmA{”giS

km® Y

(11)
+2°(C},Ch +Cl,CP —ChCL),
where
B, =ab +qY,, F‘=g“F,, B'=¢'B,
; :%{Z—%mimj +0, (a; —a Y, )} B =g“B;, B,=BY, (12)

A" =B"E, +2B,F", A" =B/E,+B"E,,+BF " +B,F".

Suffix '0" represents the contraction by the auxiliary-element yi with the exception of
the quantities p,, g, and X,.

3. Induced Cartan Connection

Let F"' be a hypersurface of Finsler space F" denoted by the relation
x =X (u“), a:=1,2,...,n=1, here u” represents the Gaussian co-ordinates on the
hypersurface M "™ . Suppose that the projection factor matrix is B; = % isof (n—1)
u

-rank. If the auxiliary-element yi at a certain point u :(ua) of F" is taken to be
tangential to F"' , then y'= BL(u)v“ consequently v = (v“) is regarded as
auxiliary-element of F"™ ata certain point u”.Weget (n—1)-dimensional Finsler space
Frt :(F”’l,E(u,v)) because F(u,v) = F(x(u), y(u,v)) gives rise to a Finslerian
metricon F"™. The metric and Carton tensors g, and Caﬂy respectively are given by

C,, =C;B.B)B, g,,=9;B.B). (13)

ij "«
The typical unit N'(u,v) atevery point u® of F"™ is characterised with

g;N'N’ =1, g,BIN'=0. (14)

ij "«
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For h; be the angular metric tensor, we have

h,B,N’=0, hN'N'=1, h =hB,B). (15)

ij Pa =
The factor of inverse projection B”(u,v) of B! is determined as

B = gaﬂgij Bﬁj’ (16)
where g is the inverse of g, of F"™.From (14) and (16), we have

N'B*=0, N'N,=1, B!B’=45”, BN, =0. (17)
Furthermore, we have

N'N; +B.Bf = &,. (18)

The normal curvature vector H_, and H_; be the 2" fundamental h-tensor of F"*
are given by

H, =N, (B, +G|B}) (19)

and

H,, = N;(Bl, + FiBIB})+M_H,, (20)
here B, = ox M, =C,B!N'N* and B}, =B} v’. Itisclear that H_, i

where B, = weonr Me = CuBa and By, =B, Vv". Itis clear that H_, is

not symmetric and

H,-H,,=—M,H,+M_H . (21)

The equations (19) and (20) yields

Ha0=Haﬂvﬁ=Ha+MaHO, H0a=Hﬂavﬂ=Ha. (22)

The M,, isgiven by

M., =C;B.BIN". (23)

The derivatives of N' and B! are as follows

B;lﬁ = MaﬁN', B;lﬂ = HaﬁN', Nllﬂ =-M B} Y N"ﬁ = —HaﬂBj"g”. (24)

The h and V-covariant derivatives of vector field X, are
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Xip = Xi;Bl, Xy, = X

4Bl X, BJ+X,;N'H,. (25)

ij
In the next section, we will apply the following lemmas are given by Matsumoto [9].

Lemma 3.1 Let F"™* be a hypersurface is a hyperplane of the first kind if and only if
H, =0 oridentically H, =0.

Lemma 3.2 Let F"™" be a hypersurface is a hyperplane of the second kind if and only if
H,=0
Lemma 3.3 Let F"* be a hypersurface is a hyperplane of the third kind if and only if
H,=0=M,.

ﬂz
a+pf

ﬁZ
a+pf ’

where v;, v, and v, are constants and v, 0, Riemannian metric a” = a; (X)y'y’,

4. Finslerian Hypersurface with Special (¢, 8)-metricF =via+v,[+v,

Consider a Finsler space with generalised (o, ) -metric F =v,a+v,f+v,

one-form B =b(x)y' and vector field b (x) =§—bi is a gradient of scalar-function
X

b(x) . Next, we consider F"(c) be a hypersurface given by b(x)=c [9].

Using the equation of parametric x' = x'(u”) of F"*(c), we have

() _, ) X

, . =0, bB! =0.
ou” ox' ou”

This shows that b (x) is co-variant component of a regular vector field of F"7(c).
Furthermore, we have

bB.=0 and by =0 ie,s=0. (26)
The induced-metric F(u,v) of F"*(c) which is Riemannain metric as follows
Fuv)=a, a,=2a;B)B). (27)

Considering £ =0 in the equation (4), (6) and (7) we get
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2

V. v,V
p=v;, p,=2vy, p,=0, p3=—a—12, q=v{, O, =vi+2wv, Q,= ;2,
1 2v 1% (28)
=0, x=—=, x= K , X, = = , 1=V (2vb*+v
Ps Vi & VEQvpt+v) TP via(vb® +v) (v )
b2
Xy = —
via“(2v,b” +v,))
Reciprocal of fundamental metric tensor g becomes
I B i Byl +bly) -2 _yiyi (29)
Vi viQvh’ +v) via(2vph® +v,) via® (v +v,)

Hence along F"(C), (26) and (29) yields
2
g'bb; = v . .
v,(2vb* +v,)

S0 we get

v )
b(x)= [———N., b*=abb,, 30
() v,(vb* +v)) v (30)

where the length of the vector b' is denoted by b .
Using (29) and (30), we have

2

v,b

y'. (31)

b' =a'b, = \vib?(2v,b? +v,)N' +
(04

Hence, we have the following

Theorem 4.1 The generalised (o, f)-metric F =v,a+v,[+v, on a Finsler

ﬂZ
+
hypersurface F"™(c), the induced-metric is advanced by equation (27) and b(x) is a
scalar function is given by (30) and (31).
Now hij and g; of Finsler space F" are given by

2

hij = Vlzaij + 2V1V2bibj _% YiY; (32)

and
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A%
0 = vfaij +2(V22 +2V1V2)bibj 472

(by; +b;y)).

(24

If h(f;’ a angular metric tensor of a; (X) be the Riemannian tensor by using (26), (32)

and (15), then along with F"*(c),

— L)
h, =h®.

From (6), we get
oq _ bvia’ (a+ f-vi(a+p)+2vsf+v,(a+ )
op (a+p)

Thus along F"*(c), X E[v3 A AP
o

op

. . 6
Therefore equation (9) gives y, = —(v3 —vlvs) and m, =b;, thenhv-tensor C;, becomes
a

v 3
Cy = 2V120£ [y, +hyb, + hkibj]+g[v3 AL (33)

in the F(a, ) -metric of a hypersurface F"(c) . Therefore from (15), (23), (26) and
(33), we get

2
M,, = —2 b h, and M, =0. (34)
2via \[v,(2v,b" +v,)

Hence from (25) we have H_, =H, ,thatis, H_; is symmetric.

Thus, we have the following :

Theorem 4.2 Let F"" bea2"™ fundamental v-tensor of a Finsler space equipped with
(a, p) -metric F :v1a+v2,8+v3£2ﬂ, is advanced by (34) and H,, be a 2
fundamental h-tensor is symmetric.

Now from (26) we have b, B; =0. Then we have

b,sB, +bB}, =0. (35)

Applying (25) for the b, vector, we have
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b, =h

ilj

g = 0y;B5 +0NH .

Using by, and B}, = H,,N', (35) becomes

b,,B.B} +b,;BLN'H , +bH, N =0. (36)

i1j"a ilj ~a

Since by; =-b,Cj, we get b;B,N' =0. Then using that b,; is symmetric, from (36)

ij i|lj "a

we have

b? o
/—H +b B BI=0. 37
v,(2v 0% +v,) o NiTeTs 37)

Now, contracting (37) with v* , we get

b2

— —  H +b Byl =0. 38
v,2v o’ +v,) “° y (38)

i|j —a

Again contracting (38) with v, we get

b2

— —  H,+b.y'y' =0. 39
v (2vo? +v,) ° ¥y (39)

Based on lemma (3.1) that the Finslerian hypersurface F"™(c) is a hyperplane of 1%
kind if and only if H, =0. It is obvious that F"™(c) is hyperplane of 1* kind if and

only if bi“-yiyj =0 is from equation (37). Here the covariant derivative bi“. depends on
: i

y', but b; =V b is the co-variant derivative related to Riemannian-connection {k}
J

constructed from a;(x). Thus b, isunrelatedto y'.

: . i
Now, we considering the difference bi“. —bIj . The difference tensor D}k = F”}L —{ 'k} is
]
given by (11). Since gradient vector b, then using (10) we have
F,=0, Ff;=0 and E;=h,.

Hence equation(11) reduces to the following
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D}k = Bibjk + B}bok + Blibo,' _bOmgimBjk _C}mAT _Cli(mA]m +CjkmAsmgis
+2°(C},Cit +CinC§ —CiiCr ),

jm™~7sk km™sj

(40)

By using (6) and (7), equation (12) becomes

i i 2v i v .
B, = 2+2 b0+ﬂ ', B' = 3 i 2 |’ A" =By
‘ (VZ Vlv3) a J vi(vb®+v) a(2vh® +v,) y % (41)

i
] a aZ

= ﬁ(aij —&]+§(V3(1—V1+v2))bibj, B =g"B,, A=B0y,+B"h,.
Because of (26), we obtain B, =0, B} =0. Thisleadsto A" = B"b,.
Next, contracting (40) by yk , We have

D}, = B'b;, + B{by, — B"C, by,

Again contracting the above equation by yj , We get

i i 2v. i V. i
D!. =B'b,, = 3 b' + 2 "1b.,.
% o {1/1(21/3b2 +v;) a(2v3b2 +v,) y } 0

Using the equation (26) along F"(c) , we obtain

i 2V3b2 ViV, +6[‘/3(1_‘/1 +V2)]b2 2vs b™b.C!

= . by, — . (42
0 (v +2vb?) 2av, (v, +2v,b?) A (7 272 5 I

Now contracting (42) by y', we get

L 2vpP

Dl =— =3 _p . 43
100 (Vl+2V3b2) 00 ( )

Let by, be co-variant derivative of b, with respect to X' concerning the Cartan

connections of F" and the co-variant derivative of b, with respect to x’ concerning

the Riemannian connections is denoted by b, = A b, .

r r —_ r r —_ r
b,; b, =(0,b,~F br)_(aib‘ _{jk}b']_ _[F” _{jk}]br =-Dibr (44)

b, =b, - D!b

ij ~re
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From (20), (30), (31), (34)and M_ =0, we have bb"C! B! =b*M_ =0.

m=a

Then the equation by; =b; —Dgb, , (42) and (43) gives b,,Y'y' = by, —b,Dly = Vs

_%m+bﬁ)w

Consequently, (38) and (39) may be written as

b2 V3 i
5 H, + —~b,B, =0,
v, (2v,b° +v,) v, (v, +2v,b%)

b v,
2 HO + 2
v, (2v,b" +v,) v, (v, +2v,b%)

by, = O. (45)

Hence, H
B=by =0 the condition b, =0 can be written as bijyiyj =biyibjyj for some

o is related to by, =0, here by is independent of y' using the fact that

¢;(x), as aresult

2b; =b;c; +bc;. (46)
Next, from (26) and (46), it follows that

bw =0, b;B.B;=0, bBly' =0.

c,b’ 1

Again (46) and (41) gives b b’ = = A"=0, AB,=0 and B;B)B} =Zhaﬁ.
Now using (20), (29), (31), (34) and (40), we can write
2
b,D;B,B) = Vzcobz 2 Mo
4via(2v,h® +vy)

Therefore in view of (44), equation (37) reduces to

b? V,C,b?

ot o Zav b soye o O (47)

v,(2v,b* +v,) W avp® +v,

Theorem 4.3 The necessary and sufficient condition for a (e,f) -metric
2

F:v1a+v2,6’+v3'8—ﬂ in Finslerian hypersurface F"*(c) to be a first kind
o+
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hyperplane is given by equation (46). In this instance the 2™ fundamental metric tensor of
F"*(c) is proportional to its angular-metric tensor.

By lemma (3.2), F"*(c) Finslerian hypersurface is second kind hyperplane if and only if
H,, =0. Hence from equation (47) we obtained C, =¢(X)y'=0. Thus 3
e(x)4 ¢,(x) = e()B,(¥).

Hence equation (46) yields

b; = e(x)b; (X)b; (x)- (48)

Theorem 4.4 The necessary and sufficient condition for a («,f) -metric
2

F=via+v,f+v, 'Bﬂ in Finslerian hypersurface F"*(c) to be a second kind
o+

hyperplane is given by equation (48).
In view of (34) and lemma (3.3), we get
IBZ

a+

Theorem 4.5 A («, ) -metric F =via+v,B+v, in Finslerian hypersurface

F"(c) is not a third kind hyperplane.

5. Conclusion

In the present article, we have been examined the several types of Finslerian hypersurfaces
IBZ
a+pf
where v;, v, and v, are constants and v, # 0. Also we have obtained results for the
hypersurfaces of this specific (e, ) -metric as hyperplane of first and second kind but not

third kind.

Acknowledgement: The authors are thankful to the Referee for valuable comments and
suggestions.

of a Finsler space with the generalized («, f) -metricsuchas F =via+v,[+v,
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