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1. Introduction

Notation of generalized Sasakian-space-forms were introduced by Alegre et al. [1]. A
Sasakian manifold with constant ¢-sectional curvature is a Sasakian-space-forms and it
has a specific form of curvature tensor. An almost contact metric manifold
(M1 ¢ &, m,g) is said to be generalized Sasakian-space-forms if there exists three
differentiable functions f3, f,, f3 on M such that the curvature tensor R is given by

RX,VZ = fi{glY,2)X — g(X,Z)Y}
+:nXOn(2)Y —n(Yn2)X + gX, Z2n(¥)¢ — gV, Z)n(X)E}, 1)

for any vector fields X,Y,Z on M?"*1 In such case we denote the manifold as

M2™1(f, f5, f3). In [1] the authors gives several examples of generalized Sasakian-

+3 -1 -1 .
space-forms. If f; = ==, f, = ==and f; = —, where c denotes ¢-sectional curvature,
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then a generalized Sasakian-space-forms with Sasakian structure becomes a Sasakian-
space-forms.

A Riemannian manifold (M?™*1, g) is called locally symmetric if it’s curvature tensor R
is parallel, i.e. VR = 0, where Vis the Levi-Civita connection. The notation of semi
symmetric, a proper generalization of locally symmetric manifold, is defined by
R(X,Y).R = 0,where R(X,Y) acts on R as derivation. A complete intrinsic classification
of these manifolds was given by Szabo[11]. In [5] Kushwaha and Narain studied some
curvature properties on Sasakian manifold. Also projective and conformal curvature
tensor in K- contact n-Einstein manifolds have been studied by Kushwaha and Narain [6].

In a Riemannian manifold M2"**1(n > 1), the quasi — conformal curvature tensor W of
type (1, 3) is defined by [12]
W(X,Y)Z = aR(X,Y)Z + b[S(Y,2)X — S(X,2)Y + g(Y,2)QX — g(X,Z)QY]

a

—— {4 b} gV, )X - (X, 2)Y], )

(2n+1) (2n

where a, b are constant such that a,b # 0 and r is the scalar curvature. In particular if
1 .

a=1and b = —mthen the quasi-conformal curvature tensor reduces to conformal

curvature tensor. If a = 1 and b = 0 then the quasi-conformal curvature tensor reduces to

concircular curvature tensor. Hence the name ‘quasi-conformal’ is justified.

Mantica and Suh [7] introduced a new curvature tensor of type (1,3) in a (2n + 1)-
dimensional Riemannian manifold (M2"*1, g),n > 1, denoted by Q and defined by

QX,Y)Z = R(X,Y)Z — %[Q(Y,Z)X - g(X,2)Y], 3)

where ¥ is an arbitrary scalar function. Such a tensor @ is known as Q-curvature tensor.
The notation of Q tensor is also suitable to interpret again some differential structure on a
Riemannian manifold. If ¥ = anﬁ,then Q-curvature tensor reduces to concircular
curvature tensor.

Further in a (2n + 1) — dimensional almost contact metric manifold, the pseudo-
projective curvature tensor P [8] is defined by

B(X,Y)Z = aR(X,Y)Z + b[S(Y,Z2)X — S(X, Z)Y]

T a
—m{g‘l'b} lg(Y,Z2)X — g(X,2)Y], (4)
where a and b are constants and R, S and r are the Riemannian curvature tensor, the Ricci
tensor and the scalar curvature of manifold respectively. If a = 1,b = —i then (4) takes
the form
P(X,Y)Z =P(X,Y)Z, (5)

where P is the projective curvature tensor.
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For a tensor field T of type (0,k) on M, k > 1,and a symmetric tensor field A of type
(0,2) on M we define the (0, k + 2) tensor field R.T and Q(4, T) by

(RX,Y).T)(X1, Xgy e eve e X)) = =T(RX,Y)X1, Xg v evr v, Xi)

—TX, R, Xy, oo, Xi)

~T(X1, X oo cee e, R V)X (6)
and Q(A, T)(X1, Xz, oo v eer e Xp) = = T((XAaV)X1, Xo) cvv vve e, Xi)

—TXy, XA X, e e, Xi)

=T (X1, X2y wee v vee e, XNV X ), (7
where (Xa,Y) is endomorphism given by
(XnmY)Z = A(Y,Z2)X — A(X, 2)Y. (8)
A Riemannian manifold M is said to be pseudo-symmetric [3], [4] if
R.R =Lg0O(g,R) ©)

r

holds on the set Ugp = {x € M:R — n(n_l)G #0at x}, where G is (0,4) — tensor
defined by G(X1, X3, X3,X,) = g((XlAXZ)X3,X4_) and Lg is some function on M. A
Riemannian manifold M is said to be Q-curvature pseudo-symmetric if

R.Q =LgQ(g, Q) (10)

holds on the set Ug= {x € M: Q # 0 at x}, where L is some function on Ugp and Q is the
Q-curvature tensor.

An almost contact manifold M2™+1 is said to be n-Einstein if it’s Ricci tensor S is of the form

S=Ag+Bn®n, (11)
where A and B are constants, n is called the associated 1-form and vector field ¢ defined by
9(X,8) = n(X), (12)

is called the generator. If B = 0 then the manifold is Einstein and if A = 0 then the
manifold is special type of n-Einstein.

The paper is organized as follows. Section 2 of present paper contains some preliminary
results on generalized Sasakian-space-forms. In section 3 and 5, we study ¢&-quasi-
conformally flat and ¢&-pseudo-projective flat generalized Sasakian-space-forms
respectively. In section 4 and 6, we study ¢-quasi conformally semi-symmetric and
&-pseudo-projective semi-symmetric generalized Sasakian-space-forms respectively. The
last section is devoted to study of Q-curvature pseudo-symmetric generalized Sasakian-
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space-forms and proved that if a (2n + 1)-dimensional generalized Sasakian-space-forms
is Q-curvature pseudo-symmetric then either Lo = f; — f5 or the manifold is n-Einstein.

2. Preliminaries

A (2n + 1) dimensional Riemannian manifold M (¢, &,7, g), where ¢ is a tensor field,
¢ is a contravariant vector field, n is a 1-form and g is a Riemannian metric, is called an
almost contact metric manifold if the following results holds [2][9][10]:

$*X = =X + n(X)§, ¢¢ = 0, (13)
) =19%$§ = nX), n(@X) =0, (14)
9(@X,¢Y) = g(X,¥) — n(X)n(Y), (15)
g(@X,Y) = —g(X,9Y), g(¢pX,X) =0, (16)
(Vxm)(¥) = g(Vx&,Y). 17)

For a (2n + 1)-dimensional generalized Sasakian-space-forms [1], the curvature tensor
R, the Ricci tensor S and Ricci operator Q satisfy

R(X,Y)¢ = (fi — f3)In(N)X —n(X)Y}, (18)
RE,X)Y = (i — 9K, Y)§ —n(¥)X}, (19)
R, X)¢ = (f1 — f2)n(X)§ — X3, (20)
SX,Y) = @nf1 +3f; — f3)9(X,Y) — 3f2 + (2n — 1) f)n(X)n(Y), (21)
SX,§) = 2n(f1 — f3)n(X), (22)
QX = (2nf1 +3f, — f3)X — Bf; + 2n — D f5)n(X)§, (23)
r=2n2n+ 1)f; + 6nf, —4nf;, (24)
nRX,Y)Z) = (fi — )9, Z2nX) — gX, Z)n(¥)}, (25)
nRX,Y)$) =0, (26)
nRE XY) = (fi — g, Y) =n(Xn(1)}, (27)
S(9X, 9Y) = S(X,Y) — 2n(f; — fInCOn(Y). (28)
Further, for a (2n + 1)-dimensional generalized Sasakian-space-forms, from (3) we have
QX 1§ = (i~ fs = 5=) X = ()Y}, (29)
QE XY = (fi — f — ) {g(X, )E = ()X}, (30)
QEX)E = (A - fs —5-) X)E - X}, (31)

n(QX,Y)$) = n(QX, $)$) = n(Q(S, X)§) = 0. (32)
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3. é&-quasi-conformally flat generalized Sasakian-space-forms

Definition 3.1: An almost contact metric manifold (M?"*1,g),n > 1, is said to be
&-quasi-conformally flat if it satisfies the condition

WX, Y)E=0
on M, forall X,Y € y(M).

Let M be a (2n + 1)-dimensional &-quasi-conformally flat generalized Sasakian-space-
forms then from (2), we have
aR(X,Y)§ + b[S(Y, )X — SX, Y + g(¥,$)QX — g(X,§)QY]

a

{4 b} [g(r, X — g(X, Y] =0. (33)

(2n+1) (2n

Using (18), (22) and (23) in (33), we get

r a
|t = £+ b0t = )+ @nfi + 3%, = ) ~ 5 (3 + 2

2n+1)2n
[n(Y)X —n()Y] = 0. (34)
Since [n(Y)X —n(X)Y] # 0, then from (34), we have
r= 2n(2n + 1) [a(f1—f3)+b(4:-{12‘:;f2—(2n+1)f3)]. (35)

This leads to the following result:

Theorem 3.1: A (2n + 1)-dimensional generalized Sasakian-space-forms is &-quasi-

conformally flat if r = 2n(2n + 1) [a(fl_f3)+b(42f12;if2_(2"+1)f3)].

Takinga = 1 and b = 0 in (35), we get
r=2n2n+ D(f1 - f2). (36)
This leads to the following result:

Corollary 3.1: A (2n + 1)-dimensional generalized Sasakian-space-forms is &-concircularly
flatif r = 2n2n + V(1 — f3)-

Using (24) in (36), we get
_ 3f;

This leads to the following result:

Corollary 3.2: A (2n+ 1)-dimensional generalized Sasakian-space-forms is &

concircularly flat if f; = (1?:’;271) .

From (21) and (37), we have
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S(X,Y) = 2n ( £ — (13-1;271)) g(x, v). (38)

This leads to the following result:
Corollary 3.3: A &-concircularly flat generalized Sasakian-space-forms is an Einstein
manifold.

1

Again takinga = 1and b = — T

in (35), we get r = 0.

This leads to the following result:

Corollary 3.4: A (2n + 1)-dimensional generalized Sasakian-space-forms is &-conformally
flatifr = 0.

5. ¢- quasi-conformally semi-symmetric generalized Sasakian space form

Definition 4.1: An almost contact metric manifold (M?"*1, g),n > 1, is said to be ¢-
quasi- conformally semi-symmetric if it satisfies the condition

WX, Y).¢=0
on M, forall X,Y € y(M).

Let M be a (2n + 1)-dimensional ¢- Quasi conformally semi-symmetric generalized
Sasakian-space-form then W (X,Y). ¢ = 0 reduces in to

WX, Y).0)Z =WX,Y)PZ — pW (X,Y)Z = 0, (39)
for any vector fields X, Y and Z € y(M).

Now, from (2) we have

W(X,Y)pZ = aR(X,Y)PZ + b[S(Y,pZ)X — S(X,9pZ)Y + g(Y,pZ)QX — g(X, pZ)QY]

— s o + 0} 90V, 60X — g (X, $2)Y 1. (40)
Using (1), (21) and (23) in (40), we have
WX, Y)PZ = afo[—9(X, Z)pY + n(ZIn(X)pY + g(¥, Z)pX

—n(YIN(Z2)$X — 29X, dpY)Z + 2g9(X, pY)n(Z)§]

Haf; + b(3f; + 2n— Df3)}gX, ¢ZIn(Y)$ — g(¥, ¢Z)n(X)¢]

a

+{afy + 2b@nfy +3f, — f5) - —— (5= +b)}

(2n+1) \2n
[9(Y,9p2)X — g(X, pZ)Y]. (41)
Further from (2), we have
PW(X,Y)Z = ¢paR(X,Y)Z + b[S(Y,Z)pX — S(X, Z)pY + g(Y,Z)QpX — g(X,Z)Q¢Y]

— =+ b} [g(V,2)pX — g (X, 2) 7], (42)

(2n+1) (2n
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Using (1), (21) and (23) in (42), we have
WX, Y)Z = afo[-g(X, $Z)Y + g(X, dpZ)n(Y)E + (Y, pZ)X

—9(Y,¢Z(X)§ — 29X, pY)Z + 29(X, pY)n(Z)¢]

+afz + bBf2 + 2n — D)} n(Xn(Z)pY —n(VIn(Z)¢X]

+{afy + 2b(2nfy + 3£, - f3) - @(ﬁ +b)}

lg(Y,Z2)pX — g(X,Z)¢Y]. (43)
Substituting (41) and (43) in (39), we get
afa[—9(X, 2)@Y +n(ZnX)Y + g(Y, Z)pX —n(Y)n(Z)¢pX —29(X, pY)Z
+29(X, ¢YIn(2)§ + g(X, p2)Y — g(X, ¢Z)n(Y)$ — g(Y, pZ2)X + g(¥, pZIn(X)§
+29(X,¢Y)Z — 29X, dYIN(Z)E] +{afs + b(3f; + 2n — 1)f3)}
[g(X, pZ)n(Y)E — g(¥, dZ)n(X)§ — n(XIn(Z) @Y + n(YIn(Z)$X]

+{afy + 2b@nf, + 3~ £2) - (an—H)(% +b)]

[9(Y, 9Z)X — g(X,p2)Y — g(Y,Z)PpX + g(X,Z)$pY] = 0. (44)
Taking Y = € in (44), we have

{afs + b3, + (2n = D)X, $2)E +n(Z)¢pX]
+{afs +2b@nfy +3f, = £3) — = (5= +b)} [~g(X, 02) —n(2)pX] = 0. (45)

(2n+1)

Taking Z = & in (45), we get
lafs +bGf, + @n - Df) = {afy + 2b@nfy +3f, - ) - ——(=+b)}|px =0.  (46)

(2n+1) \2n
Since ¢pX + 0, therefore from (46) we have

[a(fl —f3) +b(4nf; +3f, —(2n + 1)f3)].

r=2n2n+1) T+ 2nb

This leads to the following result:

Theorem 4.1: A (2n + 1)-dimensional generalized Sasakian-space-forms is ¢-quasi-
a(f1—f3)+b(4nf1+3f2—(2n+1)f3)]

conformally semi-symmetric if r = 2n(2n + 1) [ T

5. & —pseudo-projectively flat generalized Sasakian-space-forms

Definition 5.1: An almost contact metric manifold (M?"*1,g),n > 1, is said to be
&-pseudo-projectively flat if it satisfies the condition

P(X,Y)éE=0
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on M, forall X,Y € y(M).

Let M be a (2n + 1)-dimensional &-pseudo-projectively flat generalized Sasakian-space-
forms then from (4), we have

aR(X,VIE + BIS(Y, X = S, Y] = i (5= + b} gV, OX — g(X, Y] = 0. (47)

(n+1) L2n

Using (18) and (22) in (47), we get

|atfi = £3) + 2nb(fy = ) = G 3 + B} MODX = nCOYT = 0. (48)
Since [n(Y)X —n(X)Y] # 0, then from (48), we have
[(a+2nb){22nrf(22nn++11))(f1—f3)—r}] —0. (49)

Hence from (49), we have
Eithera + 2nb = 0orr = 2n(2n+ 1)(f; — f3)- (50)
This leads to the following result:

Theorem 5.1: A (2n + 1)-dimensional generalized Sasakian-space-forms is &-pseudo-
projectively flat if either a + 2nb = 0 orr = 2n(2n + 1)(f; — f3).

If a + 2nb # 0, then from (50) and (24), we get

_ _3f2
f3 - (1—271). (51)

This leads to the following result:

Corollary 5.1: A (2n + 1) dimensional generalized Sasakian-space-forms is &-pseudo-

projectively flat if f; = (13:’;2”) :

From (21) and (51), we have

S(X,Y) = 2n (f1 - (1?1’;270) g(X,Y). (52)

This leads to the following result:

Corollary 5.2: A ¢&-pseudo-projectively flat generalized Sasakian-space-forms is an
Einstein manifold.

6. ¢-pseudo-projective semi-symmetric generalized Sasakian-space-forms

Definition 6.1: An almost contact metric manifold (M?"*1,g),n > 1, is said to be
¢-pseudo-projective semi-symmetric if it satisfies the condition

P(X,Y).¢ = 0.
on M, forall X,Y € y(M).
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Let M be a (2n+ 1)-dimensional ¢-pseudo-projective semi-symmetric generalized

Sasakian-space-forms then P(X,Y). ¢ = 0 reduces in to

(P(X,Y).¢)Z =P(X,V)pZ — pP(X,Y)Z =0,

for any vector fields X, Y and Z € y(M).

Now, from (4) we have

P(X,Y)9Z = aR(X,Y)PZ + b[S(Y, pZ)X — S(X, pZ)Y]

-~ e+ P}, 02X - g(X, $2)Y]

Using (1) and (21) in (54), we have

PX,V)$Z = af,[-9(X,2)$Y + n(Z)n(X)pY + g(Y,Z)pX
—n(n@2)pX — 29X, pY)Z + 29 (X, ¢pYIn(Z)¢]
+afs[g(X, ¢Z)n(Y)§ — g (¥, ¢Z)n(X)¢]
+{af +b@nfi+3f — )~ g (52 + 1)}
[9(Y,9p2)X — g(X, pZ)Y].

Further, from (4), we have

$P(X,Y)Z = ¢paR(X,Y)Z + b[S(Y,2)pX — S(X,Z) Y]

oo b 0} (1, DX — g (X, 2)$Y].

Using (1) and (21) in (56), we have

PPX,Y)Z = af[-g(X,$2)Y + g(X, pZIn(Y)§ + g(¥, pZ)X
—9(Y,¢Z)n(X)§ — 29(X, pY)Z + 29(X, ¢pY)n(Z)¢]
+lafs + b3S + 2n — Dfsl{n(Xn(Z)¢Y —n(YIn(Z)pX}
+{af +b@nfi+3f — )~ oo (52 + 1))
[g(Y,2)pX — g(X,Z)¢Y].

Substituting (55) and (57) in (53), we get

afa[—9(X, Z2)pY + n(Z2n(X)@Y + g(¥, Z)pX —n(Y)n(Z)pX — 2g9(X, dpY)Z
+29(X, Y IN(2)E + g(X, 9pZ)Y — g(X, pZIn(Y)E — g(¥,pZ)X + g(¥, pZ)n(X)¢
+29(X,dY)Z — 2g(X, pYIn(Z)E] + af3[g(X, pZ)n(Y)E — g(Y, pZ)n(X)¢

(53)

(54)

(55)

(56)

(57)

—nXOn(2)¢Y —n(¥In(Z)pX] = b(Bf; + (2n — Df3)[n(XIN(Z)pY — n(Y)n(Z)pX]
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r a
+ {afl +DCfi 3~ ) - G (+ b)}
[g(Y,¢2)X — g(X,9p2)Y — g(Y,Z)pX + g(X,Z)$pY] = 0. (58)
Taking Y = & in (58), we have
afsl g(X,$2)§ + n(Z)pX] — b3S + 2n — Df3)[-n(Z)¢X]
+{af +b@nfi +3f — ) — g (52 + )} -9 (X, 2 —n(@px] = 0. (59)
Taking Z = &, in (59), we have

|afs + b3+ @n - D) —{afi +b@nfi +3f, — f) — 55 (2 + b)) ¢x = 0.
(60)

Since ¢X # 0, therefore from (60) we have

(a+2nb){2n2n+ V(1 — f3) =7} 0
2n(2n+1) ] o

= eithera + 2nb =0orr =2n(2n+ 1)(f; — f3).

This leads to the following result:

Theorem 6.1: A (2n+ 1)- dimensional generalized Sasakian-space-forms is ¢-
projectively semi-symmetric if either a + 2nb = 0 or r = 2n(2n + 1)(f; — f3)-

7. Q-curvature pseudo-symmetric generalized Sasakian-space-forms

Let M be a (2n + 1)-dimensional Q-curvature pseudo-symmetric generalized Sasakian-
space-forms then from (3), we have

RE V). QU W = Lo[(ENQ)U, VIW]. (61)
Equation (61) yields
R(EYV)QU,VIW — QR(E VU, VIW — QU, R, YI)VIW — Q(U, VIR YIW
= Lo[GAsQWU,NW — Q(GAsNUVIW — QU, GrsV)VIW
—QUU,V)(ErsW]. (62)
Using (8) and (19) in (62), we get
((fi = f2) = Lo)[9(QW, VYW, Y)E = n(QWU, VIW)Y — Q(g(Y, U)§ —n(U)Y, V)W
—QU, g(Y, V)¢ —n(V)V)W — QU,V)(g(¥,W)§ —n(W)Y)] = 0. (63)
Taking inner product with &, we obtain
((fi = f2) = Lo)[QUU,V,W,Y) = n(¥)n(QU, V)W) + n(U)n(Q(Y, V)W)
+n(Vn(QU, W) + n(W)n(QU, V)Y) — g(¥, U)n(QE, V)W)
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—g(¥,V)n(QU, HW) — g(¥, W)n(QU,V)$)] = 0. (64)
Putting U =Y in (64), we get either Lo = (f; — f3) or,

[QY,V,W,Y) + n(V)n(QEY, )W) + n(W)n(QY,V)Y) — g, Y)n(QE, VW)

=g, V)n(@QY, HW) — g(¥, W)n(Q(Y,V)$)] = 0. (65)
On contracting (65) w.r.to Yand using (1), (3), (14), (16),(21) and (31), we obtain
SW,W)=Ag(V,W) + Bn(V)n(W). (66)

where A = 2n [f1 —f3 —%] and B = —4n [f1 — f3 _%]
This leads to the following result:

Theorem 7.1. If a (2n + 1)-dimensional generalized Sasakian-space-forms is Q-curvature
pseudo-symmetric then either Lo = (f; — f3) or the manifold is n-Einstein.

Acknowledgement: The authors are thankful to the referee for valuable comments and
suggestions.
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