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1. Introduction

The theory of bicomplex numbers has been the subject of active research for a long time
since the fundamental work and discovery of this special algebra. The algebra of
bicomplex numbers is widely used in the literature because it becomes a viable
commutative alternative to the non-skewed field of quaternions introduced by Hamilton,
since both are four-dimensional generalization of complex numbers. Various integral
transforms are indispensable tools for discussing solutions of integer as well as fractional
order differential equations viz. Laplace transform, double Laplace transform, triple
Laplace transform, Laplace-Stieltjes transform, Fourier, Fourier-Stieltjes transform,
Hankel transform, and Mellin transform etc.

A bicomplex extension of these integral transforms along with their various important
properties and applications were discussed in [1-6, 16, 17, 24]. In the past decades,
fractional calculus has become the focus of many research studies. Its value is not limited
to just an interesting mathematical object, it has many applications for other sciences such
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as physics, biology, economics, geophysics, medicine, and bioengineering [8, 10-13, 15,
21]. Different approaches to fractional calculus use different definitions of the fractional
derivative, some of the most notable of which are provided by Riemann-Liouville,
Caputo, Ries, Feller, Caputo-Fabrizio, Atangana, Baleanu etc.

In particular, there has been great interest in the fractional Riemann-Liouville operator
because of its simplicity and the importance of obtaining many useful results when
combining it with other operators. However, the very complicated mathematical
manipulation in addition with the fact that most of the fractional approaches deal mainly
with the presence of non-local fractional differential operators makes it poorly understood
by much of the scientific community. Recently, researchers have become increasingly
interested in fractional calculus in the context of bicomplex analysis [14, 18].

In the present work, we consider the Riemann-Liouville integral and differential operators
of bicomplex order and find the bicomplex Laplace transform for each operator. The aim
of the work is to present the modification in analysis of Laplace transform applied on
generalized fractional operators that admits several useful results in framework of
bicomplex-fractional analysis. For this purpose, to apply the bicomplex Laplace
transform, we use several of the results discussed in [18, 24]. A detailed discussion of
fractional calculus can be found in [20, 22, 23, 31, 33, 35] and for the bicomplex analysis
one can go through [30, 32].

The development of the paper is as follows: In Section 2, we give a brief discussion of
bicomplex number system, fractional calculus, bicomplex Laplace transform, and
Riemann-Liouville integration and differentiation of bicomplex order of bicomplex-
valued functions of real variable. Section 3 contains the main work in which we find
bicomplex Laplace transform of Riemann-Liouville fractional operators of bicomplex
order and obtain various useful results. In Section 4, we give an application of our work
by finding voltage V and current I in an LCR-circuit. Section 5 concludes our work.

2. Preliminaries

In this section, we discuss some fundamental theory of the bicomplex number system and
fractional calculus. For this purpose, we adopt most of the notations and concepts from [29]
and [30] for bicomplex space and fractional calculus, respectively throughout the paper.

2.1 Basic facts of bicomplex numbers

A bicomplex number can be seen as ordered pair of two complex numbers, moreover a
4-dimensional real vector space

Co={wiw =12z +jz, = x1 +iy; +jx, +ijys},

where z,,, = X + Vi Xm, Vm € R; m = 1,2 and further z; and z, can be treated as bi-real
and bi-imaginary part of w, respectively. The imaginary units i, j, and k obeys the following

i2=j2=-1, ij=ji=k k?*=1.

Corresponding to these three imaginary units i, j, and k we can identify the below subsets of C,
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Cli)={z:z=x1+iy; | x1,y, E R},
CH={{:{=x; +jxp | x1,x, ER},
D={p:p=x1+ky, | x1,y; € R}

Both C(i) and C(j) are isomorphic fields of complex numbers and D is set of hyperbolic
numbers. We can visualize C, as complexification of C(j). The idempotent representation,
which is unique for every bicomplex number w = z; + jz,, can be seen as

w=(z, —izy)e; + (z; +iz,)e, = wie; + wye,, @
where e; = % and e, = % which satisfy the identities eZ = e;, ez = e,, e; + e, =
1, e; —e, =ij, and e;e; = e;e; = 0. The last two identities give an important fact that

e, and e, are zero divisors in C, and hence, C, is neither a division algebra nor a field.
The set of all zero divisor in C, can be given as

0, ={A(1 £ ij): 1 € C() \ {0}}
known as null cone. Three conjugations w.r.t. i, j, and k [29, p. 8] are defined as

W =23 +jz; =% — 1y +jxp — iy, = waep + wiey,
wl =2z —jz, = x4+ iy — jx, — iy, = waey + wyey,
W* :VT/T :WT :Z_1_jZ_2 =x1—iy1—jx2+ijy2 =VT/16’1+VT/'262,

respectively. Considering the real representation, the real and three imaginary parts of a
bicomplex number w = x; + iy; + jx, + ijy, are calculated by

1
x1=Z(W+W+w++W*)
1

=—(w-—w T—w*
Y1 4i(W w+w W)
1 - *
x2=4—j(w+w—wT—w)

1
=—(w—-w-wt *
Vo ik (W w—w'+w )
Using the projection mappings P, P,: C, = C(i), which are projections of C, onto C(i);
another interpretation for w can be considered as
w = Pi(w)es + P, (W)ey,
where
Pi(z1 +jz3) = 21 — iz, (2)
Py(z1 +jz3) = 21 +iz,. 3)

Through the idempotent representation (1), we can give some elementary operations as
follows:
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w+é =w+é)e + (wy +&)e;

wé  =wiéie; +wyésze;
wh  =wle, +wie,
w

e =eVie; + e"ze,.

Let X be a domain in C,, then using projections (2) and (3) the corresponding domains in
the complex plane are given as

X1 =Pi(X) ={w; =2, —izy: 21,2, € C(0)}
X, =P,(X) ={wy, =z, +iz,: 24,2, € C(D)},
which determines, X in C, as
X ={(w,wy):w; € X;,w, € Xy} =X, XX,.
The Euclidean norm in R* for w = z; + jz, € C,, is defined as

1w = T T = (3 + 23 +x3 + 23

where ' | - | ' denotes Euclidean norm in complex space. It can be easily proved that

I Ew < V2 1L E Nl w .

A sequence in C, (a bicomplex sequence) is a function defined by w,;: N — C,, n = w,,.
This sequence converges to a point w, € C, if and only if for every € > 0 there is a
k(&) € N such that [lw, —wyll, <&, Vn = k(e). The sequence w, is a Cauchy sequence
in C, (a bicomplex Cauchy sequence) if and only if for every € > 0 there is a k(¢) € N
such that [lwy, — wpll, <&, Vn,m = k(e). Also, w,, converges to a point in C, if and
only if it is a bicomplex Cauchy sequence. For & = z3 + jz, = (z3,2,), We consider
bicomplex function

f(©) = f(z3,24) = u(z3,24) +jv(23,24) = (u(z3,z4),v(z3,z4))

and let Y be a four dimensional piecewise continuously differentiable curve in a set
S € C,. Then the bicomplex integration of bicomplex function f is defined as a line
integral, that is evaluated with respect to some four-dimensional curve Y in C,. More
specifically, the bicomplex integration is defined as

fy F©)ds,  d§ = (dzs,dz,). (4)

If we represent Y in parametric form &é(t) = (z5(t), z4(t)), where r <t < s. Then (4)
can be rewritten as

[ r@de=[ e @
Y r

Here &' (t) may discontinuous at some points. Y can be taken as a curve made up of two
component curves y; and y, in C(i) i.e.



The Bicomplex Laplace Transform of Riemann-... 227

Y = (y1,72)-
On curve Y, (4) can be determined as

| f(«f)df={f fl(fl)dfl}eﬁ{f fz(ez)dfz}ez
Y Y1 Y2

A very basic and foundational background for knowing and understanding the bicomplex
space and its geometric interpretation can be found in [29, 32].

2.2 Bicomplex Riemann-Liouville fractional operators

From the theory of fractional calculus, we need bicomplex Riemann-Liouville fractional
operators to continue further discussion. We begin our discussion by giving a brief
description of these fractional operators. In [18], bicomplex Riemann-Liouville fractional
derivative and integral operator are defined as follows:

Definition 2.1 (Riemann-Liouville integral of bicomplex order). Let w = z; + jz, € C,
with Re(z;) > |Im(z,)| and f be piecewise continuous on J' = (0, ) and integrable on
any finite subinterval of | = [0, 00). Then fort > 0

oD F(O) = i Jy FOO(E—2)" M, (5)

where T, is bicomplex gamma function [19]. Let us denote C as the class of functions
defined in above Definition 2.1 which will be called bicomplex locally integrable functions.

Definition 2.2 (Riemann-Liouville derivative of bicomplex order). Let f be a function of
class C and let w € C, with Re(z;) > 0. Let m = |Re(z;)] + 1. Then the Riemann-
Liouville fractional derivative of f of order w is

oDEF(E) = oD ™ oD; () = s i Jy FCO(E = X)W hdlx. ©)

This work attained some of important results as

D% = e, D"t 4+ e, D2 7
D™ =e;D™™1 +e,D7"2,
2.3 Bicomplex Laplace transform
Recall that a bicomplex-valued function of variable t defined in /' = (0, o) is said to be
of exponential order K if there exist M > 0 and T > 0 such that e “%¢|f(t)|, < M, for all

t = T. Now, if f(t) is of exponential order K, then its bicomplex Laplace transform [24]
is given by

LIF(0): €] = F(E) = jo e,

where & = z3 + jz, with Re(z3) > K + |Im(z,)|. Here, F(&) exists and convergent for
all & which has hyperbolic projection of ¢ i.e. H, (&) in the right half plane Re(z3) > K +
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|Im(z,)|. There are infinite & which have the same hyperbolic projection because Im(z3)
and Re(z,) are free from restrictions.

One of the most useful properties of the Laplace transform is embedded in the
convolution theorem. The theorem states that the Laplace transform of the convolution of
two functions is the product of their Laplace transform. Thus, if (&) and G(¢) are the
bicomplex Laplace transforms of f(t) and g(t), respectively, then

t
z:{ f - x)g(x)dx} = FOG(©).
0

Considering idempotent representation, the following results can be proved for bicomplex
Laplace transform:

LIf@); €1 = LIA®); &ler + L) &zle; 8
=>F(E) ={FD}les +{F:(&)}e; €))

LIf(©); §] = LIi(®er + fa(Dez; §1e1 + Ezes]
= L[f1(t); &1ler + LIf2(8); &2ley, (10)

where L[f,.(t); &-];7 = 1,2 are complex Laplace transforms w.r.t variable &,., respectively.
2.4 The Laplace transform of Riemann-Liouville operators in complex space

Before going in the analysis of bicomplex Laplace transform of bicomplex Riemann
Liouville operator, let us first review some well-known established results of the Laplace
transform of Riemann-Liouville operators in complex space [30].

Let f(t) be a function of exponential order k defined on interval (0, o) and F(s) denote
the Laplace transform of it i.e. F(s) = L{f(t); s}, where L denoted Laplace transform in
complex space. Let z = x + iy € C with Re(z) > 0. Then the Laplace transform of the
Riemann-Liouville integral of order z [30, p.69] is defined as

LID7Zf(t);s] = sT%F(s), Re(z) > 0.

The Laplace transform of the Riemann-Liouville integral of the derivative of f(t) is
given by

LID™#*(Df (£)); s] = s™*[sF(s) = f(0)], Re(z) > 0.

The Laplace transform of the derivative of the Riemann-Liouville integral is then defined as
LID(D7%f(t)); s] = s17?F(s), Re(z) > 0.

In a similar way, with the considerations that f (t) is of the form

t¥n(t) or t¥log(t) n(t),

where v > —1 and n(t) = Yp-oa,t™ has a radius of convergence R > 0. The Laplace
transform of the Riemann-Liouville derivative is given as

LID%f(t); s] = s*F(s), Re(z) <v+1, f(®) =t'n().
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In the next section, we will find the bicomplex Laplace transform of bicomplex Riemann-
Liouville operators as well as some other important results in the bicomplex space.

3. Bicomplex Laplace Transform of the Riemann-Liouville Operators of Bicomplex Order

The bicomplex Laplace transform will prove to be an essential tool in our study of the
bicomplex fractional differential equation. We briefly open up our discussion of this
powerful method in the current section. The fractional integral and differentiation of
bicomplex order defined in (5) and (6) are convolution integrals. This fact prompts us to
discuss the bicomplex Laplace transform of these bicomplex fractional operators.

3.1 Bicomplex Laplace transform of the Riemann-Liouville integral operator of
bicomplex order

Theorem 3.1. Let f be a function of class € such that D™ f(t) is of exponential order K,
then for Re(z;) > |Im(z;,)| and Re(z3) > K + |[Im(z3)|, we have

LIDTV(); §1=E7VF (&), (11)
Proof. Taking (7) and (8)-(10) into account, we have
LIDTVF(E); &1 = L[(e1D™1 + e, D772)(f1(D)ey + f(t)ez); &]
= LID™™1f1(D)e; + DTV2fr(D)es; §1e1 + &ae]
= L[D™"1f1(t); 1les + LIDTV2£,(0); 2len

Lo [ -0 e

el R L AT [

_ {F(;l)L[twl—l; &ILIFO); 51]}6,1
+{F(;2)L[th_li &IL[f(0); fz]}ez

= [e]" Fu(ED]es + [6, 2 F2(E)]en

= {51 e, + E_erz}{?l(fl)el + Fy (&) ey}

= §TVF().

Remark 3.1. (11) is valid even if w = 0, but (12) is indeterminate. We now try to find the
Laplace transform of the Riemann-Liouville integration of some elementary bicomplex-
valued functions of real variable calculated in Table 2 of [18]. For instance,

Lu+1)
Lu+w+1)

(12)

u+w
)

D—Wtu —

which provides
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Lu+1
LID™WtH & = L[—Z( ) trv; 5]
Lu+w+1)
F'u+1) F'u+1)
[F(u +w,+1) fje Tu+w,+1) $2| €2
r'(u+1) r'(u+1)
$u+w1+1 TuFwz+1| €2
Fz(u+1) :
§u+w+1’

where u = g; + jo, = u e, + uye, € C, such that Re(p;) > |Im(g;)| — 1, Re(z;) >
|Im(z,)|, and Re(z3) > |Im(z,)|. In the similar manner, for Re(z3) > |Im(z,)|, we can
derive the following:

(i) f(t) = e
IL[D™Ve; &] = LIE,(W, a); €]

1
= m; a € Cy,Re(zy) > |Im(z,)],

k
where E.(w,a) = t" 3o - ((at)

2(WH+k+1)'
(ii) f(t) = sinat

LID ™ Vsinat ;& = L[S;(w,a); €]

1
= gzra @ € C,,Re(z1) > |Im(z,)|,

_ pwye  CDEDP@H
where St(W' a) =t Zkodd ,(w+k+1)
(iii) f(t) = cos at

LD VW cosat;&] = L[C,(w,a); €]

1
= EW_1(§2+(12); ac€ (CZ'Re(Zl) > |Im(22)|,
1)*/2(at)k
where C,(w, @) = V5P {a

(iv) f(£) = t*"1e®

cipwerteat;e] = 20 e o Re(z)) > Im(z)], Re(ey) > lIm(e)l

§V(E—a)’
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Now, we discuss the bicomplex Laplace transform of the bicomplex Riemann-Liouville
fractional integral in a different way. We begin our discussion by exploring the
bicomplex Laplace transform of the bicomplex Riemann-Liouville integral of the
derivative and the bicomplex Laplace transform of the derivative of the bicomplex
Riemann-Liouville fractional integral. Suppose that f is continuous on J and Df is of
class € and of exponential order K then,

LIDTY(Df());§] = &WLIDf(£); €]
= §TV[EF () — f(0))], Re(z1) > [Im(z)].

Since we supposed f(t) to be continuous on J, hence f(0) exists. Thus, we have found
the bicomplex Laplace transform of the Riemann-Liouville integral of bicomplex order of
the derivative. This formula is obviously valid if w = 0.

Further, we consider the problem of finding the bicomplex Laplace transform of the
derivative of the Riemann-Liouville integral of bicomplex order.

w-1
LID(D™YF(6)); €] =£[D‘W(Df(t)));€]+f(0)£[t f]

W)’
= EW[EF(E) — F(0)] + E7£(0)
= EIVF(E); Re(zy) > [Im(z,)). (13)

Now, if w = 0,

LIDf(); €1 = §F () — f(0).

But this is not the same result, we would get if we let w = 0 in (13). This arises from the
following facts:

tW—l
L4 1 =0
{wl—r% Fz(w)} ’

and

i.e.' £ "and 'lim' do not commute. With little effort, we see that with the aid of bicomplex
analysis to the the fractional calculus, we have found the bicomplex Laplace transforms
of some non-elementary bicomplex-valued functions of real variable.

3.2 Bicomplex Laplace Transform of the Riemann-Liouville differential operator of
bicomplex order

In the previous subsection we introduced the bicomplex Laplace transform and found the
bicomplex Laplace transform of the Riemann-Liouville fractional integral of bicomplex
order. We continue our discussion by investigating the bicomplex Laplace transform of
the Riemann-Liouville fractional derivatives of bicomplex order. To fulfill this purpose,
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let us define a new class of functions C which contains all the functions f(t) of the form
t*n(¢) or t*log(t) n (o),

where 1 > —1, n(t) = Yp=oa,t™ has a radius of convergence R > 0, and a, € C,, k €
Z* u{0}.

Let w = z, +jz, with Re(z;) > 0 and Re(z;) < [Im(zy)| + A + 1. If f(t) = t*n(t),
then we have
T,(n+A+1) .,

DYf(£) = "7 X0 an T,(n+A+1-w)

and if £(t) = t*log(t)n(t), then

(14)

B o r,(n+A+1
DYf(t) = t*(logt) Yo anm " (15)

_ . I,(n+A+1)
‘|‘t)L WZn:O an[‘lj(n+l+ 1)—qj(7’l+l+ 1—W)] Xm n,

where W is bicomplex digamma functions and the hypothesis Re(z;) < |[Im(z,)|+ A1+ 1
shows that (14) and (15) exist. Moreover, DY f(t) € C in both cases. If DY f(t) also is
of exponential order, its bicomplex Laplace transform exists.

Lemma 3.2. I f is given by £ (t) = t*n(t), then for Re(z3) > |Im(z,)|, we have

1 [oe)
F(E) = %2 a,T(n+ A+ 1™ (16)

n=0

Proof. We have

FE) = LIF )]
= L[_t’ln(t);f]

=L[t" ) a,t™ E]
L n=0
=L Z antl‘l'n’ E]
ln=0
I )
— L t/1+n + L t/’l+n.
1an ;é1)er an ;€2 ez
ln=0 n=0
1 - 1 <
= [_E“l Z 10, T+ A+ 1DE M e + ﬁz 2,a,T(n+ A+ 1)é&E M e,
1 n=o 2 n=o0

= %Z a,F(n+ 1+ 1™

n=0
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In this case, bicomplex Laplace transform of the Riemann-Liouville derivative of
bicomplex order can be determined as

Theorem 3.3. If f is given by f(t) = t*n(t), then for Re(z3) > |Im(z,)|
LIDYf(£); €] = ¥ F(&). 17)
Proof. With the help of (14) and (16), we can calculate

L[tﬂ-wza Ln+A+1) . f]

LIDYf(t); €] "T,(n+A+1—w)

n=0
0

n+1+1)
— L Z tn+/1—w1;
. T+ A+ 1—wy) él e
n=
- T(n+1+1)
L Z tn+A—W2;
+ . 2 T ¥ A+ 1 —wy) $2€2
n=
- rn+2+ 1| F(n+ A+ 1)
= Z 19 ™ 5w 1 Z 20n n+/1 wo+1 | €2
n=0 El
_ L(n+1+1)
- 2 an €n+/’l—w+1
n=0
= §VF().

In the similar manner, we can state

Lemma 3.4. If £(t) = t*log(t)n(t) then for t > 0 and Re(z3) > |Im(z,)|, we have
FE) = 51—112?;0 an(n+ 2+ D{¥(+1+1) —log(H}™ (18)

Proof. The proof can be easily achieved as

F© = LF©:¢]

L Z log(£)a, 7™ 5‘
n=0

L [Z log(£)1a,t""; &,
n=0

1 (00}
1) Al A+ D+ 2+ 1) - log@l)}f;”] e
1

n=0

e;+L

> log(®)ant?*™; fz] e,
n=0

1 oo
g ). 2aal e+ 2+ D+ 2+ 1) - 1og<fz>}f;”] e,

2

n=0
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oo

1
= WZ a,L,(n+ A+ D{Y(n+1+1)—log(®)}™,

n=0
where 1 is complex digamma function.

With the result (18) the bicomplex Laplace transform of the Riemann-Liouville derivative
of bicomplex order can be defined as

Theorem 3.5. If £(t) = t*log(t)n(t) then for t > 0 and Re(z3) > |Im(z,)|, we have
LIDYf(£); €] = §F(§). (19)
Proof. Using (15) and (18), we have
LIDYf(); §]

L(n+41+1)

= L|t*W(logt E t"
(logt) Oa"l"z(n+/1+1—w)
n=

+t%W§:aAww+z+1)—wm+A+1—wn
n=0
Ln+1+1) o €
Ln+2+1-w) ’

< Tn+1+1
=L [t’l‘wl (logt) Z ( ) t"
n=0

1a”l"(n+/1+1—w1)

+tAW1 2 1@ [Y(n+ 2
n=0

m+1+1)
Im+A+1—-wy)

- Fn+A+1
L [tﬂ‘wz (1 ogt) Z ( ) tn
n=0

—yYp(n+1+1—-wy]x

tn; El eq +

2anl"(n+/1+1—w2)

AW Z 1y pn+1+1)
n=0

r(n+1+1)

_1/)(Tl+l+1—W1)]Xl—~(n+,1+1—W2)

t"; & ez
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log ¢, C n 1 -
_ _mz L, T+ A+ 1)E +Wz L, T+ A+ D+ A

1 n=0 1 n=0

+ 1)51_71] €1
log & = o 1 > n
+ [_g——wzil; 20, T(n+ 1+ 1)&; +WZ; 20 T+ A+ DY(n + 2+ 1)E e,
logé = n 1 = n
== g ), @l A DET Z aTy(n+ 2+ D¥(n + A+ 1é
n=0 n=0

= {VF().

Remark 3.2. If Re(z;) <0,(17) and (19) are just the statement that EWF(&) is the
bicomplex Laplace transform of the Riemann-Liouville integral of bicomplex order-a
result we established in (11). Furthermore, (19) certainly is true if w = 0, a case also
covered by (19) since A > —1.

One should observe that the Riemann-Liouville integral of bicomplex order of a function
of class C is again of class C but the Riemann-Liouville derivative of bicomplex order of
a function of class C need not be of class C. Thus, if we desire DY f to be of class C, we
must require that Re(z;) < |[Im(zy)| + 1 + 1.

Let w=2z +jz, =w e; + wye, € C, with Re(z;) > 0,m; = |Re(wy)]+1, m, =
[Re(w,)] + 1, and m = max{m,,m,}. Now, let us assume for the moment that the
bicomplex Laplace transform of f(t) exists. Then for Re(z3) > K + |Im(z,)|, we have
LIDVf(£); €] = L[(e1D™* + e, D"2)(f1(Dey + f2(8)ez); €]

= L[D™1f1(t)e; + D2 f(t)ey; €]

= L[D"1f1(t); &1]er + LIDY2£5(t); &3]

= L[Dm{D_(m_Wl)}fl(t)i 8(1]91 + L[Dm{D_(m_WZ)fz(t)}i fz]ez- (20)

Now,

m-1

LD M@ 6] = LD fa] = ) DD 1)
n=0

t=0
L PR A N Gl AR A )
m-—1 i
= EUFE) - ). IS 0) 21)
n=0

Similarly, we can find
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L|D™{D~Mm=w2}f, (1); €]
m-—1

= T (E) — ) DAL (0) (22)
n=0

On substituting values from (21) and (22) into (20), we have

m-—1
OB D EDY f{”'n-lun-mwlfl(m] e

n=0

m-—1
HECADEDY fé"‘”'lD""“WZfz(O)] 2
n=0

= (&eq + &ep) et (F (& )er + Fa(&r)er)

m-—1
- Z (§1e4 + fzez)(m_n_l)(%D(n_erwl) + ezD(n_m+W2))(f1(0)e1 + 12(0)ez)
n=0
m-—1
= EUFE - ) §mTIDTTE(O), (23)
n=0

Thus, we have found the bicomplex Laplace transform of the Riemann-Liouville
fractional derivative of bicomplex order. We have calculated Riemann-Liouville
fractional differentiation and integration of bicomplex order in Table 2 of [18]. From that
table, we have

Lu+1)

DWt% = u-w
Lu—-—w+1)
which provide us the bicomplex Laplace transform as follows:
Lu+1)
L DWtu, — tu—w; ]
F'u+1) F'u+1)
L TOED o [ LD,
Mu—w; +1) S 'u—w,+1) $2| 2
F'u+1) F'u+1)
= | Fu=wi+1 €1 u-w,+1 €2
1 2
L+

- Eu—w+ 1
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where u = 9; + jo, = uye; + uye, € C, such that Re(p;) > |Im(g;)| — 1, Re(z;) >
|[Im(z,)|, and Re(z3) > |Im(z,)|. By applying a similar process, we can find the
bicomplex Laplace transform of the bicomplex Riemann-Liouville fractional
differentiation of other bicomplex-valued elementary functions of real variable. For
Re(z3) > |Im(z,)]|, we have

() f(®) =e™
L{D" e} = L{E(—w, a)}

1
§TV(E—a)
k
where E;(—w,a) = t™" ¥, %
(ii) £(¢) = sinat

L[DY sinat; ] = L[S, (—w,a); ¢]

1
= W, a e Cz, Re(Zl) < |Im(22)|;

where S;(—w, a) = t‘WZ,"fd

; a € C;, Re(zy) < [|Im(z)],

(_1)(1(—1)/2 (at)k
d [y(-w+k+1)

(iii) f(t) = cos at
L[DY cosat;¢&] = L[C,(—w, a); €]
1
= gw-i(gz y a2);

a € C;, Re(z;) < |Im(z;)],

—wyeo  CDM2(ank
where Ct(_w’ a) =t WZkeven T (—w+k+1)’

(iv) f(t) = t* e

I (w)

L[Dwtu—leat; g] — W;

a € C;,Re(z;) < |Im(z,)], Re(e; ) > [Im(e,)|.

Thus, we have established the bicomplex Laplace transform of Riemann-Liouville
integral and differential operator of bicomplex order and seen that the bicomplex Laplace
transform (23) of the bicomplex fractional derivative is more complicated expression than
the corresponding formula (17).

Next, we give a result which provide an important tool while dealing with fractional
differential equations. Before proceed further, let us introduced the bicomplex Mittag-
Leffler function [7] of two parameters as
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N ¢
ML, p(5) = nZO T(an+ B)

where a = zs +jzg € C,, 8 = z; + jzg € C, with Re(zs) > |Im(zg)| and Re(z;) >
[Im(zg)|, respectively, and z, = x,, + iy, € C(i). Since, from [31, p.21] for Re(z3) >
1

|ale1 — Im(z,)

w0 _ ~ n!§a1-ﬁ1

f() e Elttaln"'ﬁl 1%22’3ﬁ1(iat(11)dt = W (24)
1

1
and for Re(z;) > |a|@ + Im(z,)
o az—p>
_ —1gqpa® _ M5

J;) e fztta2n+ﬁ2 IEIR'QQZ'BZ (iataz)dt = W . (25)

1

1

Therefore, for Re(z3) > |a|*t + |Im(z,)| a pair of the bicomplex Laplace transforms of
the function t“2”+32‘19ﬁ5352)ﬁz(iat“2), can be obtained by combining (24) and (25) as
the idempotent component and we get

niga-p

® _&tran+f-1 (n) a —
Jo et ML, 5 (£at®)dt g

(26)

4. Application

Differential equations of fractional order appear more and more frequently in various
research areas and engineering applications [25-28]. An effective and easy-to-use method
for solving such equations is needed. The problem of finding such method becomes more
essentials when we come to deal the fractional differential equations of bicomplex order.
However, there are some methods for solving fractional differential equation which are
limited to rational order [9,30] or real order [34].

In this section, we introduce a method suitable for a wide class of initial value problem
for fractional differential equations. The method uses the bicomplex Laplace transform
technique and is based on the formula of the bicomplex Laplace transform of the
bicomplex Mittag-Leffler function in two parameters. We hope that this method could be
useful for obtaining solutions of different applied problems appearing in physics,
chemistry, electrochemistry, engineering, etc. in bicomplex sense.

Let us consider the following initial value problem for a non-homogeneous fractional
differential equation under non-zero initial conditions:

DYf(t) —Af(t) = g(t), (t >0) 27)

D™ ()] = €, (1= 12, m 1), )
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where m; = |Re(w;)| + 1,m, = [Re(w,)] + 1, and m = max{m,,m,}. On applying
Laplace transform to (27) and taking into account the initial conditions (28), we have

m—1
EVFE) = Y §m e = AF () = G(O)
n=0
m-l m-n-1
n=0

The bicomplex inverse Laplace transform of (29) using (26) gives the solution as follows
ft) = zimfyeft:l-"(gf)dgf (where y is bicomplex Bromwich closed contour)

m-—1
1 Z 1t
Py cntw_m-‘-nﬂﬁgww—m+n+1(1tw) + f (t
’ 2mi ),

~ 2mi a
— VI, (At — ") g (D (1)

which is the required solution of the fractional differential equation of bicomplex order.

5. Conclusion

We performed some mathematical analysis to derive the bicomplex Laplace transform of
Riemann-Liouville operators of bicomplex order. We obtained the bicomplex Laplace
transform of Riemann-Liouville integration and differentiation of bicomplex order of
some elementary bicomplex-valued functions of real variables. We discussed the
bicomplex Laplace transform of mixed order operator (composition of fractional and
integer order integral and derivative). As an application, we attained the solution of initial
value problem for a non-homogeneous fractional differential equation of bicomplex order
by employing bicomplex Laplace and inverse Laplace transforms.

Acknowledgement: The authors are thankful to the reviewers for valuable comments and
suggestions.
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