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1. Introduction 

Let pA denote the class of analytic functions of the form 

    ,...3,2,1,
1

 




Npzazzf
pk

k

k

p
 (1) 

in the unit disc  : 1E z z   which are further normalized by     .0100  ff   

Let P denote the class of analytic functions p of the form 

  





1

1
n

n

n zczp  

whose real parts are positive in E.  

For understanding of the main content, let us recall the following definitions:  
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   EzzfAffR  ,0Re,: , the class of bounded turning functions introduced 

and studied by MacGregor [12]. 

       EzzfzzfAffR  ,0,0Re,:  , the class studied by Sahoo [15].  

In particular   .0 RR   

Later on, Vamshee Krishna et al. [18] introduced a subclass of p-valent functions as follows: 

 
.,0Re,:
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zf
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For p = 1, .1 RRT    

Motivated by the above defined classes, we define the following subclass of p-valent 

functions: 

    
   

.,0,01Re,:
2212
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
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Ez
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zf
ppAffR

pppp   

The following observations are obvious: 

(i)    .1  RR   

(ii)   .0 pp RTR   

(iii)   .01 RR   

Noonan and Thomas [14] stated the qth Hankel determinant for 1q  and 1n  as
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For 1,,2 1  apnq  and ,1,2  pnq  the Hankel determinant takes the form of  

  2

122   pp aapH  and   .1 2

2312   ppp aaapH

 

Also for q = 3 and n = p , the Hankel determinant becomes 
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which is known as Hankel determinant of order 3. 

For ,1,  pp aAf we have 

       2

1242133

2

23123   ppppppppppp aaaaaaaaaaapH

 

and by using the triangle inequality, we have 

  .2

1242133

2

23123   ppppppppppp aaaaaaaaaaapH

 
(2) 

For any pAf   of the form (1), we can represent the fourth Hankel determinant as  

    ,33241536,4 DaDaDapHafH ppppp    (3) 

where 21, DD  and 3D  are determinants of order 3 given by 

     ,2

23134251143521   ppppppppppppp aaaaaaaaaaaaaD  (4) 

     ,2

342243521

2

4532   pppppppppppp aaaaaaaaaaaaD  (5) 

     .2

342343522

2

45313   ppppppppppppp aaaaaaaaaaaaaD  (6) 

In general, the problem of Hankel determinants for various subclasses of analytic 

functions has earlier been taken up by Noor [14], Ehrenborg [5] and Layman [8] etc. 

Particularly, for p-valent functions, Hankel determinants were studied by various authors 

including Vamshee et al. [18], Hayami and Owa [6] and Amourah et al.[1]. 

Moreover Singh et al. [16,17] has recently investigated the upper bound of the fourth 

Hankel determinant for the certain subclasses of analytic functions. 

The early coefficients of the inverse of regular function are studied by Libera and 

Zlotkiewiez [9, 10] and the coefficient of multivalent close to convext function is 

investigated by Livingston [11]. 

The prime objective of this study is to investigate the upper bound for the functional 

 fH p,4

 

for the class  pR . This work will pave the way for the future researchers to 

work in this direction. 

2. Preliminary results  

Lemma 2.1 [4,11]  If   





1

1
n

n

n zczp P , then for  ,...3,2,1, Nkn , we have 

the following inequalities: 

2 knkn ccc   for 10    
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and 

.2nc  

Lemma 2.2 If   





1

1
n

n

n zczp P , then for  ,...3,2,1, Nkn , then  

24   knkn ccc  for .1  

Proof. For ,1  we have  

  .1 knknknknkn cccccccc     

Using Lemma 2.1, the above inequality yields 

.24   knkn ccc  

Lemma 2.3 [12,13] If p P , then 

  ,42 2

1

2

12 xccc   

       ,1424424
22

1

22

11

2

11

3

13 zxcxccxcccc   

for some x and z satisfying 1,1  zx  and  2,01 c . 

Lemma 2.4 [3] If p P , then 

 

 















.212

,202

,012

2

2

1
2









if

if

if
c

c

 

3. Main Results 

Theorem 3.1 If  ,pRf   then  

  
.

2 2

jpjp

p
a jp





  (7) 

Proof. As  ,pRf   therefore by definition, there exists a function   Pzp   such that  

  
   

 








zp
zp

zf

zp

zf
pp

pp 2212
1  .1

1







n

n

n zc  

On expanding and equating the coefficients in the above equation, it yields 
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  
.

2

jpjp

cp
a

j

jp





  (8) 

Using Lemma 2.1 in (8), the result (7) is obvious. 

For p = 1, Theorem 3.1 yields the following result due to Sahoo [15]: 

Corollary 3.1.1 If  Rf  , then  

  
.2,

11

2



 k

kk
ak


 

For 0 , Theorem 3.1 gives the following result proved by V. Krishna et al.[8]:  

Corollary 3.1.2 If pRTf  , then 

.
2

jp

p
a jp




 

For 0,1  p , Theorem 3.1 gives the following well known result mentioned in [19]:  

Corollary 3.1.3 If Rf  , then 

.
2

k
ak   

Theorem 3.2 If  ,pRf   then  

  
.

22

2 2
2

12


 
pp

p
aa pp


  (9)  

Proof. Using (8), we find that 

      
,

122
22

2

1

4

2

2
2

12





 
pp

cp

pp

cp
aa pp


 

which implies  

  
  

   
.

2
.

1

222

22

2

1

22

2

2

2
2

12

c

pp

ppp
c

pp

p
aa pp







 






 

Now, since 
  

   
,2

1

222
0

22

2







pp

ppp




  then by Lemma 2.4, the result (9) is obvious. 

For p = 1, Theorem 3.2 yields the following result due to Sahoo [15]: 
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Corollary 3.2.1 If  Rf  , then  

 
.

213

22

23


 aa  

For 0 , Theorem 3.2 gives the following result proved by Vamshee et al.[18]:  

Corollary 3.2.2 If pRTf  , then 

.
2

22

12


 
p

p
aa pp

 

For 0,1  p , Theorem 3.1 gives the following well known result mentioned in [9]:  

Corollary 3.2.3 If Rf  , then 

.
3

22

23  aa  

Theorem 3.3 If  ,pRf   then  

   
.

22

4
22

4
2

231


 
pp

p
aaa ppp   (10) 

Proof. Using equation (8), we have  

        
.

22331
22

2

2

4

31

4
2

231
 




 
pp

cp

pppp

ccp
aaa ppp

 

Using Lemma 2.3, rearranging the terms and applying triangle inequality along with the 

inequality ,1z  it yields  

         
           
         
    

 

        











































 

2

1

2

1

22

22

1

2

1

22

2

1

2

1

22

4

1

22

2

231

14222

4
3314

33122

4331222

33122

4

xccpp

xc
pppp

cpppppp

cxcpppppp

cpppppp

T
aaa ppp











where 
        

.
32321

22

4

 


pppppp

p
T  

For  2,01  cc  and ,x  we have 
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         
     
           

            

 ,,

2433122

4331222

4222

33122

4

2222

2222

222

422

2

231 









cF

cccpppppp

ccpppppp

ccpp

cpppppp

T
aaa ppp 































 

where  
    

        
.

33122

3312
22











pppppp

pppp  

Now 






F

              
        

.0
323212

2433122
22

22224










pppppp

ccccppppppp

So      .1,,.max cGcFcF   

Now

 
        

         
         

.0
2233314

33122

32321

2

222

322

22

4



























 ppppppp

cpppppp

pppppp

p
cG

Therefore    .0.max GcG    

Hence the result (10).  

For p = 1, Theorem 3.3 yields the following result due to Sahoo [15]: 

Corollary 3.3.1 If   









2

1
0 Rf , then  

 
.

219

4
2

2

342


 aaa  

For 0 , Theorem 3.3 gives the following result proved by Vamshee et al.[18]:  

Corollary 3.3.2 If pRTf  , then 

 
.

2

4
2

2
2

231


 
p

p
aaa ppp

 

For 0,1  p , Theorem 3.3 gives the following result due to Janteng et al.[7]:  

Corollary 3.3.3 If Rf  , then 

.
9

42

342  aaa  
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Theorem 3.4 If  ,pRf   then  

        
               

.
332213323213

33222132

2

2

3
22

321








 

ppppppppppppp

pppppppp
aaa ppp

 

(11) 

Proof. Using equation (8), we have  

       
.

33221

3

2

21

4

321
 




 
pp

cp

pppp

ccp
aaa ppp  

Using Lemma 2.3, rearranging the terms and applying triangle inequality along with the 

inequality ,1z  it yields  

        
     

          

      

,

42221

4221332

42212

221332

4

22

1

2

11

2

2

1

3

1

2

321





























 

xccpppp

xccppppppp

cpppp

cppppppp

S
aaa ppp









where 
      

.
32321

2

 


pppppp

p
S  

For  2,01  cc  and ,x  we have 

        
     

          
      

 .,

42221

4221332

42212

221332

4

22

22

2

32

321 









cF

ccpppp

ccppppppp

cpppp

cppppppp

S
aaa ppp 































 

 

Now    1FF   and 

 1F

                  
      

 .
32321

332213322213
1

3222

cG
pppppp

cpppppppcpppppppp










 
                  

      
.

32321

3332213322213 2222

1











pppppp

cppppppppppppppp
cG

 

Now   ,01  cG  gives 

       
        

.
332213

3322213
02

2

c
ppppppp

ppppppp
c 









 

So max.    .011 cGcG    
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Hence, the result (11) is obvious. 

For p = 1, Theorem 3.4 yields the following result due to Singh et al. [16]: 

Corollary 3.4.1 If  Rf  , then 

 
     

.
63133121118

18155

2

2

3
2

432








 aaa  

For 0 , Theorem 3.4 gives the following result proved by V. Krishna et al.[18]:  

Corollary 3.4.2 If pRTf  , then 

  321 ppp aaa
 

   
.

32133

632 2

3
2





ppp

ppp
 

For 0,1  p , Theorem 3.4 gives the following result due to Babalola [2,3]:  

Corollary 3.4.3 If Rf  , then 

.
318

55
432  aaa  

Theorem 3.5 If  pRf  , then  

 
  

      

        
              

.

3322133313

3322213

44

1

22

2

22

4

222

2

3
2

22

2

4

3










































ppppppppppp

ppppppp

pppp

p

pp

p
pH

Proof. Using Theorem 3.1, Theorem 3.2, Theorem 3.3 and Theorem 3.4 in (2), the above 

result is obvious.  

For p = 1, Theorem 3.5 yields the following result due to Singh et al. [16]: 

Corollary 3.5.1 If  Rf  , then 

 
     

 
    

.
631331112

18155

415

4

219

8

213

1
1

22

2

3
2

23 





























H   

For 0 , Theorem 3.5 gives the following result proved by Vamshee et al.[8]:  

Corollary 3.5.2 If pRTf  , then 
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 
 

 
  

.
4

2

3133

632

2

4

2

2
2

2

3
2

2

2

3 
























ppp

pp

p

p

p

p
pH  

For 0,1  p , Theorem 3.5 gives the following result due to Babalola [2]:  

Corollary 3.5.3 If Rf  , then 

  .7422.013 H  

Theorem 3.6 If  zf  pR , then

  

 
    

      

        
              

  
 

  
 

  
 

















,
33

2
,

44

2
,

55

2

3322133313

3322213

44

1

22

2

6262

8

222

222

2

3
2

22

2

6

4

pw
pp

p
pv

pp

p
pu

pp

p

ppppppppppp

ppppppp

pppp

p

pppp

p
pH









































   (12) 

where  

                 

     

 
      

,
4242148

424172

331

1

3232

1

551

1

242,

424

22

2222

24








































pppppp

ppp

pppp

pppppppp
pppu

  (13) 

 

 
      

 
     

 
     



































22

424

22

24

24

323275

424150

24245

2418

5252125

2463

,






pppp

ppp

pppp

pp

pppppp

pp

pv
  (14) 

and 

   

             

         

      

              
.

543254321

43243216

17

441

1

33

2

53531

1

5252

1

242,

2222

4

2233

22

24






















































pppppppppp

p

pppppp

pppppp

pppppppppp

pppw

  (15) 
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Proof. Using (8) in (4), (5) and (6), it gives  

         

             

           
,

2323331

42421551

43435252

22

3

2

2

6

22

2

31

6

421

6

22

5

2

1

6

43

4

52

4

1

























pppp

ccp

pppp

ccp

pppppp

cccp

pppp

ccp

pppp

ccp

pppp

ccp
D

  (16)  

        

             

            22

2

32

6

22

4

2

2

6

431

6

521

6

22

2

4

4

53

4

2

32324242

4343152521

445353

























pppp

ccp

pppp

ccp

pppppp

cccp

pppppp

cccp

pp

cp

pppp

ccp
D

 

(17)  

and  

            

                 
.

33432432

2

5252

44153531

33

3

3

6

432

6

22

5

2

2

6

22

2

41

6

531

6

3




















pp

cp

pppppp

cccp

pppp

ccp

pppp

ccp

pppppp

cccp
D

  (18) 

On rearranging the terms in (16), (17) and (18), it yields 

 
      

 
     

 
     

 
      

 
             

,
42421484242148

19

4242148

67

331

2323551

52

4

41

2

52

4

21

2

34

4

22

31

2

43

4

22

2

2

2

43

4

22

2

1

2

25

4

1



































pppppp

ccp

pppppp

ccpccp

pppppp

ccpccp

pppp

ccpccp

pppp

cpccp

pppp

cpccp
D

  (19) 

 
      

 
     

 
     

 
      

 
            22

53

4

41

2

53

4

22

31

2

44

4

22

32

2

53

4

22

2

2

2

44

4

21

2

35

4

2

3232755252150

13

42425

4

3232

242452521



































pppp

ccp

pppppp

ccpccp

pppp

ccpccp

pppp

ccpccp

pppp

cpccp

pppppp

ccpccp
D

  (20)  

and  
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 
      

 
      

 
   

 
   

 
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(21) 

Using Lemma 2.2 and applying triangle inequality in (19), (20) and (21), we obtain  

1D  ,,pu  (22) 

2D  ,pv   (23) 

and  

3D  ,pw   (24) 

where     ,,, pvpu  and  ,pw  are defined in (13), (14) and (15) respectively. 

Hence using Theorem 3.1, Theorem 3.5, (22), (23) and (24) and applying triangle 

inequality in (3), the result (12) is obvious.  

On putting ,1p  in Theorem 3.6, we obtain the following result due to Singh et al.[16]:  

Corollary 3.6.1 If  zf  R , then 

  14H
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where  
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             
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On putting 1,1  p  in Theorem 3.6, we obtain the following result: 

Corollary 3.6.2 Let   Rzf  , then 

  .7973.01,4 fH  
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