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Abstract: This work is dedicated to obtain explicit solutions of Cauchy problems
incorporating a left side Caputo Hadamard fractional derivative, in continuously
differentiable function spaces. We obtain law of exponents for the derivative which is
available for almost all ancient fractional derivatives but hasn’t been developed for this
derivative yet. We also obtain compact form solutions of a few problems are obtained
using the Adomain decomposition method in terms of Mittag-Leffler type functions.
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1. Introduction

In the study of fractional operators, the fractional derivatives are defined via fractional
integrals. The journey to the development of fractional operators is considerably long and
witnesses the advent of many operators with versatile properties, suiting to the need of
the problem under consideration for modeling. Although the fractional operators of
Riemann-Liouville type are the initial points of this voyage, while looking for the viable
properties of the fractional derivative of Caputo, it has been the more popular as
compared to the Riemann-Liouville fractional derivative. Both these fractional derivative
operators find their base in Riemann-Liouville fractional integral; hence this integral
plays a major role in fractional calculus. Hadamard fractional integrals and the
derivatives came into picture with the kernel of the integral implicating the logarithmic
function of an arbitrary exponent. To have more applicability of these operators on real-
world problems, Caputo modification to the Hadamard fractional derivative, known as
the Caputo Hadamard derivative were devised in [9], on the same lines as Caputo
fractional derivative followed the Riemann-Liouville fractional derivatives. For more
properties of the Caputo Hadamard fractional derivative, we refer to [1, 2, 5, 15, 16].
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The Adomian decomposition method is used for obtaining solutions iteratively in series
form, it has been introduced and developed by Adomian [3, 4]. The advantage over other
methods is that solution in series form provides an opportunity for writing the solution in
the closed-form if possible otherwise we may truncate the series keeping in view our
permissible truncation error. However, in the present paper, the solutions are written in
terms of closed-form series. Without going into many details, we refer [3, 4, 14, 7, 8] and
the references therein.

The solution to Cauchy problems with some fractional derivatives has also been dealt in
[2, 11]. In this paper, we obtain law of exponents for Caputo Hadamard fractional
derivative and explicit solutions to Cauchy problems with a left side Caputo Hadamard
fractional derivative into the weighted space of continuously differentiable functions.

2. Law of exponents for Caputo Hadamard fractional derivative

For finite or infinite interval of the half-axis 0", (ab), (0 <a<b<o) , the left side
Hadamard fractional integral and derivative J 2 and D7 of order «e0,R(ax)>0 ,
n=[R(a)]+1 are defined in [11]. Jarad et al. [9] provided the Caputo Hadamard fractional

derivative as °D? . The law of exponents of certain fractional derivatives may be found in [6,
12]. Here, we obtain the law for Caputo-Hadamard fractional derivative “D?. .

Theorem 2.1. For f(x) :(Ioggji g(x) , with a,A>0 , generalized series expansion
g(x) = gan (Iog gjna , Where convergence radius R>0,0<a <1,

°D/, D/, (x)= D" f(x), (1)
forall y,p>0, Iogg e(O,R) , u=max(p+-[-y]-L-[-p—y]-1) and either

A>u, Or

A=u,a,=0,0r

A< u,a, =0, for kzO,l,...,—{—L}—l.

Proof. For part (a), we have by definition of Caputo Hadamard fractional derivative [9]

o na+4
(°Df)(x)=3 [F5 AN (Iog gj
n=0

)

Using 4> u>-1, uniform convergence of the series for Iogf IS (0, R), we obtain
a
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(CDP f) [ #ke i '(ha+A1+1) (Iog zj"'“iﬂp]
=  T(ha+A+1+[-p]) a

Given 4> u>(-[-p])-1, using the following result [11],

. X /1—1_ F(ﬂ,) 5 A+a-1
J o (Iogg) _—F(ﬂ,+a)£|og a) (a<x<b), 3

the uniform convergence and changing the order of summation and integration, we arrive at
o na+A-p
(CDP f) ZanM(k)gij . (4)
I'ha+A-p+1)

n

Applying the same argument as above with 2> u> p—1, 2> u> p—[-r]-1, we now have

© na+A-p
°D7. D2 f (x) = D2, S a, I'(ne+A+1) (Io xj
= "T(ha+A1—p+1)

na+A-y-p
N (e +A+1) (Iogé) . (5)
ha+A-y—p+1)

M

Il
o

n

Next, for 2> u>-1 and /1>y2p+;/+(—[—7/—p]—7/—p)—1
na+4
‘DI f(x CDV*")Zaﬂ(Iog j

& T(na+A+1) X\
= I — y 6
g;krma+l—7—p+ﬂ(ogaj ©)

which is precisely D7D/ f (x), as given by (5).
We can write the conditions with (5) and (6), as conditions given in part (a).

For part (b), i.e. A<y, by taking a_ =0, for 0,1...,1-1, where Iz—[—”—_l] because of

(04
the uniform convergence of derived series up to the order -[-p], we have

(CD” f) =°D? Za (Iog jmw

o0 L(na+2+1) (I EJMMP
"T(na+A—p+1)

M

n
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_ . r((r+|)a+/1+1) 1 (r+l)a+i—p
_;arﬂ F((r+|)a+ﬂ,—p+l) (lOg a\J (7)

Ifwelet A'=la+ A, then (7) is the same as (4) and the proof can be obtained similar to (a).

A
Theorem 2.2. For f(x):(log;] g(x) , with b,A>0 , generalized series expansion

g(x) = ian (Iog gj where convergence radius R>0,0<a <1. We have

n=0
DL D; f (x)= D7 (), ©®)
for all Iogg e(0,R), u=max(p—[-r]-L-[-p—y]-1) and either

A > p,0r

A=p,a,=0,0r

A< u,a, =0, fork :0,1,...,-[—/17%]1 .

The proof may be obtained on the same lines of Theorem 2.1.

3. Cauchy Type Problems involving Caputo-Hadamard Fractional Derivatives

In this section, we will use the Adomian decomposition method to find explicit solutions
to linear fractional differential equations with the left-side Caputo-Hadamard fractional
derivative. In the weighted Banach space C;,,[ab], (0<y<1) of functions, defined in

[2]. To understand the working, we will solve two Cauchy type problems here.
Problem 3.1. We take the following problem:

(CD;y)(x)—iy(x)z f(x)(a<x<bn-l<a<nnel;iel), (9)
(6*y)(a+)=b, (b e0:k=0,1...,n-1), (10)

with f (x)eC,,[a,b](0<y<1) and y<a.

On applying J 2 both the sides of (9) and using initial condition (10), in view of the
result for compositions of Hadamard fractional integral J * with Caputo Hadamard
fractional derivative °D? , given in [9], we have

a+ !

X ]
n-1 bj |Ogg

y(x):zT+/w Zy(x)+3 & f(x)
] '

(11)
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On decomposing the function y(x) into:

Y= 3 v (%) (12)
k=0

Applying the Adomian decomposition method, these components can recursively be
obtained as

X ]
n-1 bj [Iog aj
Yo :ZT+J o (%) (13)
j=0 :
and Yy, (X) =M Y (X) (14)
Using (3) in recursive formulae (13) and (14), we obtain these components as
X ak+j X ak+a-1
A (Iogaj A (Iogtj f(1)
=S'b. dt. 15
i ,Zo : F(ak+j+l)+a [(ak+a) t 19)

Therefore, by using (15) in (12), the solution to (9) is given by

ﬂk [Iog Xjakﬂ ﬂk (Iog Xjakﬂz—l
a +J. fft)i t dt.

= '3 T(ak+j+1) = T(ak+a)

::_Z:bj (Iogg]j E, {ﬂ(loggja}i(log%ja E,, {z(log%ﬂ@dt.

where E, M{/i(logfj } and Ea{ﬂ(log%j } are two parameter Mittag-Leffler function
, a :

n-1

y(x)=2b;

(16)

-1

E,,(z) given by Wiman [16].

Lipschitz condition given in [2], is satisfied by the function f (x,y)=Ay(x)+ f (x), so if
y<a, by [Theorem 4.2, 2], problem (9)-(10) possess a unique solution in the space
Cy g [2:D] .

8,y,log
In particular, the problem involving the homogeneous differential equation

(CD;y)(x)—/iy(x)zo(a<xsb;a>0;/1e[|), (17)
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with the initial conditions (10), has a unigue solution y(x) in the space

Cint[ab]=Csyi [a,b] of the form

5,log

y(x)= :Z_;bj (Ioggjj E,in {i[logg)a}.

Following are the two examples based on this problem.
(&) The problem
(D y)(x)-2y(x)= f(x),y(a+)=b(beD),

withO<a <1 and A <0 has solution of the form

y(x)=bE, l:&(loggja}+i[log§r E,. {l(log%]a}@dt.

while the solution to the problem
(°DLy)(x)-Ay(x)=0,y(a+)=b(bel),

will be

y(Xx)=bE, {l(loggja}.
Particularly, the problem
(CD;’fy)(x)—/ly(x)z f(x),y(a+)=b(bel),

has the solution as

-1

y(x)=bE,, l:z(log gjﬂz } + j'[log %J_MEUM,Z {ﬂ[log %)M:l@dt,

a

the solution to the problem
(°DZy)(x)-Ay(x)=0,y(a+)=b(bel),

is given by

y(x) =bE,, {ﬂ[log gjﬂz} :

and the problem with ordinary derivative

(18)

(19)

(20)

(21)

(22)

(23)

(24)

(25)

(26)
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(x% yj(x)—/‘ty(x):O,y(a+):b(beD ), 27)
has the solution given by
y(x):b@ . (28)

(b) Let b,d €00 . The solution to the problem
(CD‘,ﬁy)(x)—ly(x)zf(x),y(a+):b,5y(a+)=d, (29)

withl<a <2 and A e0 has the form

y(x):bEa{ﬂ(loggja}d Iog a{/‘t Iog }
+‘I(Iog%)alEa { (Iog j:|¥

Particularly, the problem
(°Dsy)(x)-Ay(x)=0,y(a+)=b,sy(a+)=d, (31)

with 1<a <2 and 40 has the following solution

y(x):bE{i(logfj }rd(logian{i(logfj } (32)
a a) “ a

Problem 3.2. Next, we consider the following more general fractional differential
equation of homogeneous type

(30)

s
(CD;y)(x)—ﬂ,(loggj y(x)=0(a<x<bjn-l<a<nneN;iel), (33)

(5"y)(a+):bk (b €0;k=0,..,n-1). (34)

Again, in view of the result for compositions of Hadamard fractional integral J 2 with
Caputo Hadamard fractional derivative °D7 , given in [9], on applying J % on both the

a+ !

sides of (33) and on using initial condition (34), we get

oy (Iog? ) +A [(Iog gjﬂ y(x)J (35)

j=0

On decomposing the unknown function y(x) as a sum of an infinite number of components:



172 Pratibha Manohar, Lata Chanchlani and Ishfag Ahmad Mallah

y(X)= % Ye(x) (36)
k=0

The Adomian decomposition method gives these components recursively as

N

n—.

Yo = _ |
o) (37)
X B
and y,.,(0=22 2| (100 | 3, (¥ (38)
Using (3) in recursive formulae (13) and (14), we obtain these components as
n-1 b X (a+p)k+]
Yy (X) = Z-_J'Cklk (IOQ _j ) (39)
j—0 J* a
where
’ o
Ck:HF[r(oHﬁ) a+]+1](keN). (40)

o [[r(a+p)+j+1]

Therefore by using (15) in (12), the solution of the Cauchy problem (9) is given by

n 1bJ © ) X (a+p)k+]j 1p J X j X a+p
=325 1og | z—(loggj Euuomeie| A 100%] | (41)
j=

5 1Yo j!

a+p
where Eavhﬁ,a‘w”),{ﬂiloggj } represents E, . (z) a generalized Mittag-Leffler
function defined in [10,13].

s
If p>0, f(x y):ﬂ(loggj y(x) satisfies the Lipschitz condition given in [2]. If y <«

then by [Theorem 4.2, 2], there exists a unique solution (41) to the problem (33), (34) in
the space C;;[a,b].

5,7,log

(@) The problem
e
(cD;iy)(x)—/i(loggj y(x)=0,y(a+)=b, (42)

withO<a <Lb,f el (20) and A0 has solution of the form
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a+pf
y(X) = bEa,l+/J/a,ﬂ/a {ﬂ’(log gj :l (43)
In particular, the problem
B
(CDiizy)(x)—l(loggj y(x)=0,(°D,?y)(a+)=b(2e0), (44)
with b e , has a unique solution given by
X B+12
y(X) = bE1/2,1+2ﬁ,zﬂ {l(log g] :| (45)
and solution of the problem with ordinary derivative
B
(x%j(x)—i[loggj y(x)=0,y(a+)=b(2,bel), (46)
is given by
i X p+1
= E—— I - .
y(x) bexp[ﬂﬂ[ og a) ] (47)
(b) The problem
B
(CD;y)(x)—/I[Iog gj y(x)=0,y(a+)=b,(sy)(a+)=d, (48)

withl<a <2,b,d,fel ($20) and 4<0 has solution of the form

X a+p X X a+p
y(x):bEa,lJr[J‘/a,ﬂ/a A IOgg +d |Ogg E i pra(piaya | 4 IOga . (49)

Solution to similar problems may also be obtained in the same way.
4. Conclusion

We have established the law of exponents for Caputo Hadamard fractional derivatives.
The law may be useful while solving the fractional differential equations of higher order
involving Caputo Hadamard fractional derivatives. We have obtained explicit solutions to
several Cauchy problems with a left side Caputo Hadamard fractional derivative in spaces
of continuously differentiable functions. The resulting solutions are expressed in compact
form concerning the Mittag-Leffler functions. The lines may be followed for obtaining
solutions of more such fractional differential equations involving the said derivatives.

Acknowledgements: The authors are extremely grateful to Prof Mridula Garg for the
valuable suggestions and guidance and also indebted to the referee for valuable comments
and suggestions that led to the present form of the paper.



174 Pratibha Manohar, Lata Chanchlani and Ishfag Ahmad Mallah

References

[1] Abbas, S., Benchohra, M., Hamidi, N., and Henderson, J. (2018). Caputo-
Hadamard fractional differential equations in Banach spaces, Fractional Calculus
and Applied Analysis, 21(4), 1027-1045.

[2] Adjabi, Y., Jarad, F., Baleanu, D., and Abdeljawad, T. (2016). On Cauchy
problems with Caputo Hadamard fractional derivatives, J. Comput. Anal.
Appl., 21(4), 661-681.

[3] Adomian, G. (1986). Nonlinear Stochastic Operator Equations, Acad. Press, Orlando.

[4] Adomian, G. (1994). Solving Frontier Problems Decomposition Method.
Dordrecht, Netherlands: Kluwer Academic Publishers.

[5] Gambo, Y. Y., Jarad, F., Baleanu, D., and Abdeljawad, T. (2014). On Caputo modification of
the Hadamard fractional derivatives, Advances in Difference Equations, 1, 1-12.

[6] Garg, M., and Manohar, P. (2015). Three-dimensional generalized differential
transform method for space-time fractional diffusion equation in two space
variables with variable coefficients, Palest. J. Math, 4, 127-135.

[7] Garg, M., and Sharma, A. (2011). Solution of space-time fractional telegraph
equation by Adomian decomposition method, Journal of Inequalities and Special
Functions, 2(1), 1-7.

[8] Garg, M., Sharma, A., and Manohar, P. (2013). Multidimensional fractional free
electron laser equations with Caputo fractional derivative, Journal of Inequalities
& Special Functions, 4(1), 36-46.

[9] Jarad, F., Abdeljawad, T., and Baleanu, D. (2012). Caputo-type modification of the
Hadamard fractional derivatives, Advances in Difference Equations, 1, 1-8.

[10] Kilbas, A. A., and Saigo, M. (1995). On solution of integral equation of Abel-
Volterra type, Differential and Integral Equations, 8(5), 993-1011.

[11] Kilbas, A. A., Srivastava, H. M., & Trujillo, J. J. (2006). Theory and Applications of
Fractional Differential Equations (Vol. 204), Elsevier, Amsterdam.

[12] Miller, K. S., and Ross, B. (1993). An Introduction to the Fractional Calculus
and Fractional Differential Equations. Wiley.

[13] Mittag-Leffler, G. M. (1903). Surla nouvelle fonction E (x), CR Acad. Sci. Paris, 137,
554-558.

[14] Mittal, R. C., and Nigam, R. (2008). Solution of fractional integro-differential equations
by Adomian decomposition method, Int. J. Appl. Math. Mech., 4(2), 87-94.

[15] Ntouyas, S. K., and Tariboon, J. (2016). Fractional integral problems for
Hadamard—Caputo fractional Langevin differential inclusions, Journal of Applied
Mathematics and Computing, 51(1-2), 13-33.

[16]  Zhang, X. (2016). On impulsive partial differential equations with Caputo-Hadamard

fractional derivatives, Advances in Difference Equations, 1, 1-21.



