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Abstract: The main object of the present paper is to study trans-Sasakian manifolds with
respect to generalized Tanaka Webster Okumura connection. We established a relation
between the curvature tensors R and R with respect to the generalized Tanaka Webster
Okumura connection ? and the Levi-Civita connection V' respectively. We have studied
locally symmetric as well as¢-symmetric trans-Sasakian manifolds with respect to
generalized Tanaka Webster Okumura connection.
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1. Introduction

Let M be an n-dimensional, n > 3, connected smooth Riemannian manifold endowed
with the Riemannian metric g. Let ¥, R, S and r be the Levi-Civita connection, curvature
tensor, Ricci tensor and the scalar curvature of M respectively. The manifold M is called
locally symmetric due to cartan [4], [5], if the global geodesic symmetry atp € M is an
isometry, which is equivalent to the fact that VR=0.

In 1977 Takahashi [15] introduced the notion of locally ¢-symmetry on Sasakian
manifolds. A Sasakian manifold is said to be locally ¢-symmetric if ¢2(7,,R)(X,Y)Z=0
for any vector fields X, Y, Z, W on M, where ¢ is the structure tensor of the manifold M.
The concept of locally ¢-symmetry on various structures and their generalizations or
extension are studied in [14]. In 1985, Oubina [13] introduced a new class of almost
contact metric manifolds [11] called trans-Sasakian manifolds, which includes Sasakian,
Kenmotso and Cosymplectic structures. The authors in the paper [1], [3] and [7] studied
such manifolds and obtained some interesting results. The notion of generalized Tanaka
Webster Okumura connection was introduced and studied by the authors in the paper
[10]. The local structure of trans-Sasakian manifold is given by Marrero [12]. In the
present paper we have studied trans-Sasakian manifolds with generalized Tanaka Webster
Okumura connection.
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The present paper is organized as follows.

After introduction in Section 1, we give some preliminaries in Section 2. In section 3 we
have established a relation between the curvature tensors Rand R with respect to the
generalized Tanaka Webster Okumura connection ¥ and the Levi-Civita connection V
respectively. Section 4 is devoted to the study of locally symmetric as well as locally ¢-
symmetric trans-Sasakian manifolds with respect to generalized Tanaka Webster
Okumura connection.

2. Preliminaries

Let M be a (2n+1)-dimensional connected differentiable manifold endowed with an
almost contact metric structure (¢, &,7, g) where ¢ is a tensor field of type (1,1), éis a
vector field, n is an 1-form and g is a Riemannian metric on M such that [2]

¢*(X) = =XX)E, n() =1 @)
9(@X,¢Y) = g(X,Y) —n(Xn(Y), X, Y € T(M) 2)
Then also

S = 0n(¢pX) = 0n(X) = g(X,n) ©)
9(¢X,X) =0 (4)

An almost contact metric manifold M?"*1(¢,&,n,9) is said to be a trans-Sasakian
manifold (13) if (M?"*1 x R,],G) belongs to the class W, [9] of the Hermitian
manifolds, where J is the almost complex structure on M2™*1 x R defined by [8]

J(zr5) =@z - ron@ ] (5)

for any vector field Z on M?"*1 and smooth function f on M2"**1 x R and G is the
Hermitian metric on the product M?"*1 x R.

This may be expressed by the condition [13]

(Vxp)Y = alg(X,Y)§ —n(V)X] + Blg(dX,Y)§ —n(Y)pX] (6)
for some smooth functionsa and g on M?™*1 and we say that the trans-Sasakian structure
is of type ((a, B)).

It follows from equation (6) that

Vx§ = —a¢X — BIX —n(X)]$ ()
(TxmY = —ag(¢pX,Y)§ + Blg(pX, ¢pV)] (8)

In a (2n+1)-dimensional trans-Sasakian manifold from (6), (7) and (8) we can write [6]

RX,Y)§ = (a® = BH[(NX —n(X)Y] + 2aBn (V)X —n(X)pY] — (Xa)pY +
(Ya)pX — (XB)p?Y — (YB)p*X (9)

SKX,§) = [2n(a® = B?) — EfInX — 2n — DX — (pX)a (10)
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where S is the Ricci tensor.
Further we have
20 +éa =0 (11)

3. Relation between the curvature tensors Rand R with respect to the generalized
Tanaka Webster Okumura connection 7 and the Levi-Civita connectionV respectively

The generalized Tanaka Webster Okumura connection ¥ and the Levi-Civita connectionV
are related by [10]

Y = VyY + A(X,Y) (12)
for all vectors fields X, Y on M. Here
AX,Y) = a[g(X, ¢Y)E + n(V)pX] + Blg(X, Y)§ —n(¥)X] — p(X)pY (13)

where | is a real constant.

The Torsion P of the gTWO -connection ¥ is given by

+n(X)(BY = 1¢Y) —n(V)(BX — 1$X) (14)
From (12) and (13) we get
Wz =WZ+alg(V,¢z)¢ +n(2)¢Y] + Blg(Y,2)s —n(2)Y] — In(Y)PX (15)

Applying 7 on both side of (15) we get
P Z = VsV Z + a[(Feg (Y, 92))§ + g(¥, pZ)P%§ + n(2) (FxpY) + (Fxn(2)) ¢Y]
+B[(Pxg (Y, 2))¢ + g(¥, 2)P%& — n(2)(7xY) — (Fn(2))Y]

—1[n@)pZ + (Fn(YV))pZ] (16)

We supposed that the generalized Tanaka Webster Okumura connection Fxis metric
compatible. This implies that

(Pxg)(Y,Z) =0

or, ikg(Y,Z) = g(%xY,Z) + g(Y, PxY) (17)
Using (15) on right hand side of (17) we get

Vxg(Y,Z) = g(VxY,Z) + g(Y,VxZ) (18)
Similarly we can write from (18)

kg (Y, pZ) = g(VxY,9Z) + g(Y,VxpZ) (19)

Using relation (12) we get the following relations
TxY = VxY + alg(X, ¢Y)§ + n(V)pX] + Blg(X,Y)§ —n(Y)X] = In(X)pY (20)



246 Ali Akbar

PxVyZ = VxVyZ + alg(X, oWy Z)§ + n(WyZ)pX] + Blg (X, VyZ)¢ —n(VyZ2)E] —
X)Wz  (21)

V¢ = Vx¢ + apX + BIn(X)¢ — X] (22)
TxpY = VxpY + alg(X,Y) + nCOn(NIE + Bg(X, pY)E = In(XO[Y —n(¥)E]  (23)
7n(Y) = Vxn(¥) + a[g(X, gn ())& + n(n(¥))pX]
+Blg(X,n(¥))§ = n(n(¥))X] — m(X)pn(Y) (24)
Using relations (18) to (24) in (16) we get

Pz = VxVWyZ + alg(X, pVyZ)E + n(Vy Z)pX] + Blg(X, VyZ) — n(VyZ)X]
— In(X)pVyZ

+alg(VxY,¢Z) + g(Y, Vxp2)I§ + Blg(VxY,Z) + g(¥, VxZ) €
+[ag(Y,92) + Bg(Y, 2)][Vx$ + apX + B(n(X)¢§ — X))+

[Vxn(2) + a[g(X, pn(2))E + n(n(2D))pX] + Blg(X. n(2))¢ —n(n(2))X] -
X)) pn(2)][agY — BY]

+an(Z)[Vx Y + alg(X,Y) + n(Xn(¥)E] + Bg(X, dY)E + In(X)[Y —n(¥)¢]]

-Bn@D)[VxY + alg(X, dY)§ + n(V)pX] + Blg(X,Y)§ —n(V)X] — In(X)¢Y]

- [Vx¢Z + alg(X,Y) + n(XOn(2)]E + fg(X, pZ)§ + In(XN)[Z — n(2)¢]]
- 1[7an () + alg (X, en(1))§ +n(n(1))$X] + Blg(X.n(¥))E = n(n(¥))X —
nX)en(n)]| ¢z (25)
Interchanging X and Y in (25)

WWVRZ = WyVxZ + alg(Y, pVx2)§ + n(VxZ) Y] + Blg (Y, VxZ)§ — n(Vy2)Y]
—In(Y)¢pVxZ

+alg(VyX, pZ) + g(X, VydZ)1E + Blg(Wy X, Z) + g(X, Wy Z)]E
+[ag(X,92Z) + Bg(X, D][VyE + adY + f(n(Y)E - V)]+

[Wn(2) + alg(Y, ¢n(2))é + n(n(2)) Y] + Blg(Y.n(2))é —n(n(D))Y] -
(V) pn(2)][apX — BX]

+an(2)[Vy @Y + alg(Y,X) + n(VInX)E] + Bg(Y, pX)E + In(V)[X — n(X)é]]
-Bn(2)[VyX + alg(Y,pX)¢ + n(X)pY] + Blg(Y,X)E —n(X)Y] — In(YV)pX]
-m[WdZ + alg(Y,X) + n(VIN(@DIE + Bg(Y, $pZ)E + In(V)[Z — n(Z)¢€]]
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- L7 + a[g (v, en(X))E +n(nC0)$Y] + Bla(¥,n(0))E = n(n(X))Y —
n(N¢n(x)]| 2 (26)
In view of (12) and (13) we get
(PxnZ = VixnZ +alg(X,Y],02)¢ + (@ $[X, Y]] + Blg([X, Y], 2)§ -

n(2)[X, Y]] - n([X, Y pZ (27)
We know that

RIX,Y)Z = VyWZ — VyVxZ — Vixy|Z (28)
RX,Y)Z = %WZ - KV%Z —VzyZ (29)

Using (25) , (26), (27), (28) in (29) and by straightforward calculation we get R(X,Y)Z =
R(X,V)Z+alg(Y,Vx$pZ)E — g(X, Vy$)E + g(X, pVyZ)§ + n(VyZ)pX —

g, ¢V Z)§ —n(VxZ)pY — n(Z)n[X, Y]]

+Bm(Vx2)Y —n(Vy2)X + g([X, Y], 2)¢] = UIn(X)dWZ + n(Y)PVxZ + n([X, YD PZ]+

lag(Y,¢Z) + Bg(¥, ][V + agX + B(n(X)¢ — X)]
— lag(X, ¢Z) + Bg(X, D[VyE + adY + B(n(Y)§ —Y)]

+

-(apX — BX)[Wyn(Z) + a(g (Y, ¢pn(2)E) + n(n(2))¢Y) + B(g (Y. n(2))¢) —
nm2)Y) — n(Y)¢n(2)]

+

-ImWM[VxpZ + a(n(X)n(2) — g(X, 2))é + Bg(X, pZ)¢ + In(X)(Z — n(2)§)]
+-pn(Z)[a2g(X, dpY)E + n(Y)PX —n(X)pY) — B((V)X —n(X)Y) + I(n(Y)pX —
NPV - 1[Ten(¥) = Fyn(X) — a[g(X, gn(1))¢ +n(n(1))pX — g(¥, pn(X))§ —
n(n())eY]|+1B[g(X.n(1))E = n(n ()X = g(¥,n(X))¢ +n(n(X))Y] +
PnMénX) —nX)en(M)1pZ (30)

This is the relation between the curvature tensors R and R with respect to the generalized
Tanaka Webster Okumura connection 7 and the Levi-Civita connectionVrespectively.

4. Locally symmetric and locally ¢-symmetric trans-Sasakian manifolds with
respect to generalized Tanaka Webster Okumura connection

Definition 4.1. A (2n+1)-dimensional trans-Sasakian manifold will be called locally
symmetric if

"WwRYX,Y)Z=0 (31)
for any vector fields X, Y, Z and W orthogonal to ¢.
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Definition 4.2. A (2n+1)-dimensional trans-Sasakian manifold will be called locally ¢ -
symmetric if

¢*(MwR)(X,Y)Z =0 (32)
for any vector fields X, Y, Z and W orthogonal to é.

In this connection it should be mentioned that the notion of locally symmetric manifolds
was introduced and studied in the paper ([4], [5]) and the locallyg-symmetric manifolds
was introduced by Takahashi [15] in the context of Sasakian geometry. Gray and
Hervella [9] have studied the sixteen classes of almost Hermitian manifolds and their
linear invariants.

Analogous to the definition of locally symmetric as well as locally ¢-symmetric trans-
Sasakian manifolds with respect to Levi-Civita connection V we define respectively
locally symmetric and locally ¢-symmetric trans-Sasakian manifolds with respect to
generalized Tanaka Webster Okumura connection 7 by

(MyR)X,Y)Z =0 (33)
and
P2 R(X,Y)Z =0 (34)

for any vector fields X, Y, Z and W orthogonal to ¢.
We consider that the vector fields X, Y, Z and W orthogonal to ¢.
Then relation (30) reduces to

R(X,Y)Z = R(X,Y)Z
+alg(Y,VxpZ)E — g(X, VydZ)E + g(X, pVyZ)E — g(Y, pVxZ)E]
+Bg([X,Y],2)¢

lag(Y, ¢Z) + Bg(Y, 2)[Vx$ + apX — BX] — [ag(X, ¢Z) + Bg(X, )] [y +
agyY — BY] (39)

Using relation (7) in (35) we get

RX,Y)Z =R(X,Y)Z + alg(Y,Vx¢pZ)§ — g(X, VypZ)§ + g(X, pVyZ)§ —

Differentiating (35) covariantly by W with respect to Levi-Civita connection Vwe get
(TwRX,V)Z = (M RYX, Y)Z + a[(g(Y, VxpZ) — g(X, Wy Z)) + Bg([X, Y], 2) |V €

+alg(X, VwpVyZ) — g(¥, Vi Vx2)I§ + alg(X, ¢V Z) — g (¥, pVx Z) ]V € (37)
As X and Y are orthogonal to &, equation (12) reduces to
V%Y = VxY + [ag(X,¢Y) + Bg(X, V) I§ (38)

for all vector fields X, Y on M.
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In view of (38) we can write
(W RYX,Y)Z = (WwR)(X,Y)Z + [ag(W, pR(X,Y)Z) + Bg(W,R(X,Y)Z)]§ (39)
In view of (37) we obtain from (39)
(P R)X, Y)Z = (T R)X,Y)Z + a[(g(Y, VxpZ) — g(X, Vy¢Z)) + Bg([X, Y], 2)| Vi€
+alg(X, V¢V Z) — g(Y, Vi Vx2)1¢ + alg(X, Vv Z) — g(Y, dpVxZ) |V €
+Hag(W,dpR(X,Y)Z) + Bg(W,R(X,Y)Z)]§ (40)
Taking inner product on both side of (40) with respect to W we get
I(WRYX,Y)Z,W)
= g(("wRX,V)Z, W)
+al(g(Y,Vxp2) — g(X, Vv ¢2)) + Bg([X, Y], 2)]g(Vw &, W)
+alg(X, ¢V Z) — g(Y, pVxZ)1g(Vw &, W) (41)
In view of (7) we get from (41)
I(WRYX,Y)Z,W)
= g((WWRYX,VZ,W)
+al(g(Y,Vx2) — g(X, Wy ¢2)) + Bg([X, Y], ) ]g(W, pW)

Suppose «ais constant, then by (42) § = 0. In such a case from equation (42) we get
(M R(X,Y)Z = (W R)(X,Y)Z (43)

Thus we are in a position to state the following:

Theorem 1. A (2n+1)-dimensional trans-Sasakian manifold of type (a, 8) with «a as a
constant is locally symmetric with respect to generalized Tanaka Webster Okumura
connection ¥ if and only if it is so with respect to Levi- Civita connection V.

Now applying ¢?on both side of the equation (40) and using relation (1) and (7) we get
¢*(WwR)(X,Y)Z,

= ¢*(Mw R (X, Y)Z

+alg(Y,VxopZ) — g(X,VypZ) + g(X, pVyZ) — g(¥, pVx)]

+B(9([X,Y], 2))(adpW — BW) (44)
Taking inner product on both side of above with respect to W we get
9@* (MR X, Y)Z,W) = g(¢*(VwR)(X,Y)Z,W)

+alg(Y,VxpZ) — g(X, VydZ) + g(X, pVyZ) — g(¥, pVy)]

-B(9([X,Y1,2))g(W, W) (45)
Suppose « is a constant. Then by (11) we get 8 = 0. In such a case from equation (45) we get
(MR (X, Y)Z = ¢p*(Vy R)(X, Y)Z (46)
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Thus we are in a position to state the following:

Theorem 1. A (2n+1)-dimensional trans-Sasakian manifold of type (a, 8) with a as a
constant is locally ¢ symmetric with respect to generalized Tanaka Webster Okumura
connection Zif and only if it is so with respect to Levi- Civita connection V.
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