Journal of Rajasthan Academy of Physical Sciences
ISSN : 0972-6306; URL : http://raops.org.in
Vol.17, No.3&4, July-December, 2018, 191-200

ANALYTICAL SOLUTION OF THE TIME-FRACTIONAL
FISHER EQUATION BY USING ITERATIVE LAPLACE
TRANSFORM METHOD

Rajendra Kumar Bairwa
Department of Mathematics, University of Rajasthan, Jaipur-302004
Email: rajendrabairwal984@gmail.com

Abstract: The main object of the present paper is to derive analytical solutions of the
non-linear time-fractional fisher’s equations (TFFE) with initial conditions by using
iterative Laplace transform method (ILTM). In this process the time-fractional derivatives
are considered in the Caputo sense and solutions are found in the form of a series with
easily computable components.
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1. Introduction

The fractional calculus has become a strong tool for finding the solutions of many
problems pertaining to control engineering, physics, signal processing, mathematical
biology, viscoelasticity, electromagnetism, and mathematical physics and other areas of
sciences as well as technology. Several methods can be found in the literature to find the
solution of differential equation of fractional order such as differential transform method
(DTM) [11], Homotopy analysis method (HAM) [8], Homotopy perturbation method
(HPM) [18], Homotopy perturbation transform method (HPTM) [9] and fractional
Laplace Adomian decomposition method (FLADM) [6] and so on. The above mentioned
methods provide immediate and visible symbolic terms of numerical approximate
solutions as well as of analytical solutions to both linear and nonlinear fractional
differential equations.

In 2006, Daftardar-Gejji and Jafari introduced the iterative method for solving
numerically non-linear functional equations [4, 5]. Since then the iterative method is
being used to find the solution of several non-linear differential equations of integer and
fractional order [1] and viewing fractional boundary value problem [3]. Recently, Jafari et
al. has made elegant use of Laplace transform in this iterative method and it became a
popular method known as iterative Laplace transform method (ILTM) [7] for having
numerical solutions of a system of fractional partial differential equations, Fokker—Plank
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equation [17] as well. Recently, fractional Telegraph equations [13], time-fractional
Schrodinger equations [14] and fractional heat and wave-like equation [15] are solved
successfully by the use of iterative Laplace transform method.

The classical Fisher’s equation is a partial differential equation with constant coefficients
given by Fisher as a model for the propagation of a mutant gene as

U (X, 1) = U (X, ) +u(x,t) (1-u(x,1)). (1)

In this model, u(x,t) is the population density and u(u—21) denotes the logistic form.

This equation is encountered in chemical kinetics and population dynamics which
includes problems such as nonlinear evolution of a population in a one-dimensional
habitat, neutron population in a nuclear reaction. Moreover, the same equation occurs in
logistic population growth models, flame propagation, neurophysiology, autocatalytic
chemical reactions and branching Brownian motion processes.

In the present study, the time-fractional model for fisher’s equation can be written in
following operator form as

DIu(x,t) =u, (x,t) + Au(x,t) (1-u(x,1)),0< ¢ <1, ?

where Du(X,t) denotes the Caputo fractional derivative of order & and A is a real

parameter. It can be obtained from the fisher’s equation (1) by replacing the first- time
derivative by a fractional derivative of orderc, 0 < x <1.

2. Some Basic Definitions of Fractional Calculus and Laplace Transform theory

In this section, we list certain basic definitions of fractional calculus alongwith elegant
properties of Laplace transform theory.

Definition 1. The Caputo fractional derivative [2] of function u(x,t) is defined as

Doulx.t) = ;J-(t )" ™ x,n)dn, m-1<a<mmeN,
I'(m-a) 3 3)
=J"D"u(x,t).

m

Here D" =

and J{ stands for the Riemann-Liouville fractional integral operator of

tm
order & > 0, defined as [10]

Jt"‘u(x,t):i

(@) (t—n)ailu(x,n)dn,77>O,(m—1<a£m),meN. (4)

[ S——
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Definition 2. The Laplace transform of a function f (t), t > 0 is defined as [10, 12]

L[f (t)] = F(t) = Te‘“ f (t)dt.

()
Definition 3. The Laplace transform of D/ u(x,t) is given as [10, 12]
m-1
L[D{u (x,)] = L[u(x,t)]- D> u“(x,0)s"“ ", m-1<a<mmeN, (6)

k=0
where U (X,0) is the k-order derivative of u(x,t) w.r.t. tat t =0.

3. Basic Idea of Iterative Laplace Transform Method

To explain the basic idea of iterative Laplace transform method [7], we take the following
fractional non-linear non-homogeneous partial differential equation having the prescribed
initial conditions written in the form of an operator as

D u(x,t) + Ru(x,t)+ Nu(x,t) =g(x,t), m—1l<a<m, meN, @)
u“(x,0)=h(x), k=0,12,...,m-1, (8)

where Dt“u(x,t) is the Caputo fractional derivative of order ¢, m—-1<a <m, defined

by equation (3), R is a linear operator and may include other fractional derivatives of
order less than «, N is a non-linear operator which may include other fractional

derivatives of order less than « and ¢ (X,t) is a known analytic function.

Applying the Laplace transform w.r.t. on both sides of equation (7), we have
L[D u(x,t)]+ L[Ru (x,t) + Nu(x,t)] = L[g(x,t)]. 9)

Using the differentiation property (6) of the Laplace transform, we find
m-1
LG ] === 3 s U5 (x,0) + = L[g (] - = LIRU(x, ) + NU(x.OL.  (10)
s” 3 S S

On taking inverse Laplace transform of equation (10), we obtain

u(r,t) = L{Sia(mis“”uk(x,O) + L[g(x,t)]ﬂ

(11)
_ L{Sia L[RU(x,t)+ Nu(x,t)]}.

Now, applying the iterative method,



194 Rajendra Kumar Bairwa

u(x,t) = iui(x,t). (12)

Since Riis a linear operator

R{iui(x,t)j:iR[ui(x,t)], (13)

and the non-linear operator N is splitted as

N (iui(x,t)j = NJu,(x,1)]
) (14)

() oo

Putting the results given by equations from (12) to (14) in the equation (11), we obtain

iui(x,t) Lt Lia(mis“-l-kuk(x,m + L[g(x,t)]ﬂ

-t Lia L{iR[ui(x,t)]Jr N[u,(x,t)] (15)

Efu(Eo) (g

We have defined the recurrence relations as

Uy (X,t) = L‘{Sia(mis“‘l‘kuk(xﬂ) + L(g(x,t))ﬂ (16)
al 1
u, (x,t) =-L {S—a L[R(uo(x,t))+ N (uo(x,t))ﬂ, (17)
u.,(x,t)= —LlLia L{R(um(x,t)) - {N [iuk(x,t)j —N [miuk(x,t)j}ﬂ :
m>1 (18)

Therefore the M -term approximate solution of equations (7) and (8) in series form is
given by

u(x,t) =u,(x,t) +u (x,t) +u,(X,t)+,...,+u, (x,t), m=12,.... (19)
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4. Solution of the time-fractional fisher equations

In this section, we apply iterative Laplace transform Method (ILTM) for solving the non-
linear time-fractional Fisher’s equations with initial conditions.

Example 1. Consider the following non-linear fisher’s equation concerning to time—
fractional, defined by

.. 0%
Dfu=—+6u(l-u) , O<a<l, (20)
OX
with the initial condition
u(x,O):%, (21)
(1+ ex)

where D U(X,t) is the Caputo fractional derivative of order & given by (3).

Taking the Laplace transform of the above equation, and making use of the result given
by (21), we have,

2
L] =2 —2 v 21 [ 2Y eua-u) 22)
S (1+ eX) s* OX
Applying inverse Laplace transform to the equation (4.3), we obtain
2
u(x,t):;z+ ST a—l:+6u(1—u) : (23)
(1+ ex) s | ox

Now, making use of the iterative method, substituting the results of the equations from
(12) to (14) in the equation (23) and making use of the results given by the equations (16)
to (18), we determine the components of the solution as follows

1
U (X, 1) = ————. (24)
(l+ex)
2
u(x,t)y= L* {% L(a—uzo+6uo(1— uo)ﬂ.
S OX
_10—° t (25)

(1+e') T(a+D)’
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B 2 X( X 2a
Lot = L 20T oy @-u) || —50 & EET2E) 1 (26)
s\ ox (1+ eX) ' +1)
L1 [
u,(x,t)= L* - L(W; +6u,(1- uz)ﬂ.
3a
_50¢*| 5-6e" —15e%" + 20e% —12¢* 2% +1)2 g (27)
(Ta+D) ) (1+€") T(3a+1)
and so on. The other components may be obtained accordingly.
Thus, the analytical solution in the series form is given by
u(X,t) = Uy (X, £) + U, (X, 1) + U, (X, 1) + Uy (X, 1)+, ..,
X a X X 2a
_ 1 410 e : t +506(_1+2$) t
(re) T (+e) D@t T (14er) TQa+)
(28)

tSzx

I'2a+1)
(F@+D)" ) (1+e*) TEa+D)

+50e*| 5—6e* —15e* +20e* —12¢* T

Special Cases

(1) The result in (28) was derived by Zhang and Liu [17] using the different method
that is HPM.

(i) The result in (28) deduced by Khan et al. [8] by the application of HAM.

(iii) For a =1, the result in (28) reduces to the following exact solution

1
(Lres )

This result was obtained earlier by Wazwaz and Gorguis [16] by using the method of
ADM.

Example 2. Consider the following Fisher equation with respect to time—fractional, given by

u(x,t) = (29)

2

Dt“u:%+u(1—u) L 0<ac<l, (30)
X

with the initial condition

u(x,0) =g, (31)
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where D{u(x,t) is the Caputo fractional derivative of order « given by (3).

Taking the Laplace transform of the above equation, and making use of the result given
by (31), we have,

L[u(x,t)]:é +S%{L[%+u(l—u)ﬂ (32)

Applying inverse Laplace transform to the equation (32), we obtain
2
u(x,t) = g+ L* {ia L[a—l:+u(1—u)ﬂ. (33)
S OX

Now, making use of the iterative method, substituting the results of the equations from
(12) to (14) in the equation (33) and making use of the results given by the equations (16)
to (18), we determine the components of the solution as follows

Up(r,t) = 5, (34)
u(x,t)= L [i L(iuzu uy (1 uo)ﬂ.
s” OX
ta
=p (1—ﬂ)m (35)
u,(x,t)= L* {i L[iuzl+ u,(1- ul)ﬂ.
s“ OX
t2a
41 0?
us(x,t) = L[é;L[@?4lb@—UQJI
t3 ra+1) t*

(37)

=(ﬂ—5ﬂ2+8ﬂ3—4ﬂﬂfz§;:5—(ﬂz—2ﬂ3+ﬂﬂ

u,(xt)= L* {i L(ﬁzuj n u3(1u3)ﬂ.
s* | ox

[M(a+D)f T@a+D)
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rRa+1) t*

[F(O{ +1)]2 F(4a+1) (38)
Ir'Ga+1) t*e

IMNa+)I'a+1) I'(4a +1)

and so on. The other components may be obtained accordingly.

=(1-2B)(B-58° +85°—4p") (B> —25°+ B)

—2(B-B°)(B-38°+25°)

Thus, the analytical solution in the series form can be obtained as

u(X,t) = Uy (X, 1) + U, (X, ) + U, (X, 1) + Uy (X, t) + U, (X, 1)+, ...,

ta t2a
:ﬂ+ﬂ(1—ﬂ)m+ﬂ(1_ﬂ)(l_zﬂ)m
2 3 4 t _(p2 _9p3 n TCa+1) t
+(ﬁ_5ﬁ +84° —-4p )F(30!+1) (’B 2p + B )[r‘(a+l)]2 F(3a +1) (39)

Ira+1)  t*

[[(a+1)]° T(4a+1)
I'Ga +1) t* N

INa+)I'QRa+1) I'(4a +1)

+(1-2B)(B-58" +88° —4p* )~ (B —2p° + B*)

~2(B-p*)(B-38°+25°)

.....

Special Cases

(M The result in (39) was derived by Zhang and Liu [17] using the different method
that is HPM.

(i) The result in (39) deduced by Mirzazadeh [11] by the application of DTM.

(iii) For a =1, the result in (39) reduces to the following exact solution

u(x,t) = % : (40)

This result was obtained earlier by Wazwaz and Gorguis [16] by using the method of ADM.
5. Conclusion

The analytical solutions of the non-linear time-fractional fisher’s equations with initial
conditions by the use of iterative Laplace transform Method (ILTM) were derived. The
outcomes of study reveal that the proposed approach performs extremely well in terms of
efficiency and simplicity and it can be utilized to investigate more problems in the field
of non-linear fractional differential equations. Our findings provide interesting
unifications and extensions of many results, hither to scattered in the literature.

Acknowledgement: The author is thankful to the Referee for valuable comments and
suggestions.
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