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Abstract: In this paper, we study conformal curvature tensor, projective curvature tensor
and Q curvature tensor on K-contact n-Einstein manifold. Here we study &-projectively
flat and ¢Q flat manifold on K-contact manifold. Finally, we consider K-contact
n-Einstein manifold satisfying the curvature conditions R.C = Q(S,C) and R.P = Q(S, P),
where C and P are the conformal and projective curvature tensors respectively.

Key words: Conformal curvature tensor, Projective curvature tensor, Q curvature tensor
and K-contact n-Einstein manifold.

2010 AMS Mathematics Subject Classification: 53D10, 53D15, 53C25.

1. Introduction

Let (M", g) be a Riemannian manifold with contact form n, associated vector field &,
(1,1) tensor field ¢ and associated Riemannian metric g. If £ is a killing vector field then
M™" is called a K-contact Riemannian manifold or simply a K-contact manifold [1],[8].
An almost contact manifold is Sasakian [1] if and only if

where Vis the Levi-Civita connection. It is well known that K-contact manifold is
Sasakian if and only if

RX,Y)¢§ = n(¥)X — nX)Y, )

for any vector field X,Y on (M", g), where Ris the Riemannian curvature tensor of type
(1,3) defined by

R(X, Y)Z = VvaZ - VyVXZ - V[X’y]Z. (3)

Every Sasakian manifold is a K-contact manifold, but the converse need not be always
true, except in dimension three [4].

A K-contact manifold M™ is said to be n- Einstein if it’s Ricci tensor S is of the form
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S=ag+bmQ@n, (4)

where a and b are certain functions, n is called the associated 1-form and vector field ¢
defined by

9X,§) = n(X), ()

is called the generator and a, b are called associated scalars. It is known that in[2][11], a
K-contact n- Einstein manifold of dimension n (n > 3),a and b are constants. If b =
0, the manifold reduces to an Einstein manifold. Recently Sheikh, De, Binh [6], Yildiz
and Murathan [12] studied K-contact n-Einstein manifold satisfying certain curvature
conditions.

A Riemannian manifold (M™", g) is called locally symmetric if it’s curvature tensor R is
parallel, i.e. VR = 0. The notation of semi symmetric, a proper generalization of locally
symmetric manifold, is defined by R(X,Y).R = 0,where R(X,Y) acts on R as
derivation. A complete intrinsic classification of these manifolds was given by Szabo in
[7]- In [3], Chaki and Tarafdar studied a Sasakian manifold satisfying the condition
R(X,Y).C = 0, where C denotes the Weyl conformal curvature tensor defined by

CX,Y)Z =R(X,Y)Z — n—iZ [S(Y,2)X — S(X, 2)Y + g(Y, 2)0X — g(X,Z)QY]

t o e DX —g(X, 2)Y] (6)
where S is the Ricci tensor of type (0,2), Q is the Ricci operator defined by
SX,Y) = g(QX,Y) ()

and r is the scalar curvature of M™.

Apart from conformal curvature tensor, the projective curvature tensor is another
important tensor from the differential geometric point of view. M™ is said to be locally
projective flat for n = 1 if and only if the projective curvature tensor P vanishes. The
projective curvature tensor P is defined by

P(X,Y)Z =R(X,Y)Z — ﬁ [S(Y,2)X — S(X,Z)Y] (8)
forall X,Y,Z € y(M), where R is the curvature tensor and S is the Ricci tensor.
In a recent paper Mantica and Suh [5] introduced a new curvature tensor of type (1,3) in

an n-dimensional Riemannian manifold (M™, g),n > 2, denoted by Q and defined by

v
n—1

QX,Y)Z =RX,Y)Z - —[g(¥,2)X — g(X,2)Y] (9)
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where ¥ is an arbitrary scalar function. Such a tensor Q is known as @Q-curvature tensor.
The notation of Q tensor is also suitable to interpret again some differential structure on a

Riemannian manifold. If ¥ = %,then Q curvature tensor reduces to concircular curvature
tensor.

For a (0, k) tensor field T, k = 1, on (M™, g) we define the tensor R.T and Q(S, T) by

(R, Y).T)(Xy, Xg, eoe e oo X)) = =T(R(X, VX1, Xy eev e e, X))
—TX, R V)Xo, e e, X))
o U010 CHNN 10.60 9). (%) (10)
and Q(S, T)(X1, X, v v v e Xp) = = T((XAY)X1, Xy e oo, X))
- T(Xl, (X/\5Y)X2, ...,XK)
—T(Xl,Xz, ten aen wee ey (XA5Y)Xk) (11)

respectively [10].
Further, we define the endomorphism Xa,Y by
(XmY)Z = A(Y,2)X — AX, 2)Y (12)

where X,Y,Z € (M), x(M) is the Lie algebra of vector fields on Mand A is a
symmetric tensor of type (0,2).

A Riemannian manifold or semi—Riemannian manifold (M", g),n > 3, is said to be Ricci
generalized pseudo symmetric [13] if and only if

R.R = fQ(S,R) (13)

holds on the set Up = {x € M:R # 0 at x}, where f is some function on Ug. A very
important subclass of this class of manifolds realizing the condition is

R.R = Q(S,R).

After the preliminaries, in section 3 we consider &-projectively flat in K-contact n-
Einstein manifold and we have shown that the manifold becomes Sasakian manifold. In
section 4, we prove that £Q flat K-contact manifold is also a Sasakian manifold. Finally,
in the section 5 and 6 we consider R.C = Q(S,C) and R.P = Q(S,P) on K-contact n-
Einstein manifold respectively and shown that under these conditions manifold is
Sasakian.
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2. Preliminaries

In a K-contact manifold the following relations holds [1][8][9]:

(@) p§ =0 (B)n§) =1 (©) g(X,§) = n(X) (14)
*X = —X + n(X)§ (15)
9(@X,¢Y) = g(X,Y) — nCOn(¥) (16)
Vyé = —¢pX (17)
gRE XY, §) = nREXY) = g(X,Y) —nX)n(Y) (18)
R, X)§ = =X +n(X)§ (19)
S, §) = (n—Dn(X) (20)
(Vx@)Y = R(§, X)Y (21)
In K-contact n-Einstein manifold, we have

SX,Y) = ag(X,Y) + bn(X)n(Y) (22)
Putting X =Y = & in (22) and then using (20) and (14)(b), we get

a+b=mn-1) (23)

Also (22) implies that
r=an+b (24)
From (23) and (24), we have

r

a=m—1 b=n—m (25)

Again from (22), we obtain

0x = (5 - 1) X+ (n— ) n(0¢ (26)
where Q denotes the Ricci operator, i.e. g(QX,Y) = S(X,Y).
Using (22) and (26) in (6) ,we get

(ni 39 D5 1) X+ (n——5) ne08}

—9(X,2) {(—— 1)Y+ (n ——)TI( )f}
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Hag(Y,Z) + bn(Y)n(Z2)}X — {ag(X,Z) + bn(X)n(Z2)}Y]

r
+ m—Dm=2 [9(Y,2)X — g(X,Z)Y]

Using (25) in above, we obtain

CX,Y)Z=RX,Y)Z + (L

.
— m) [9(Y,2)X — g(X,2)Y]

- (5~ 5=em) 9, 2m(0E - g (X, (0§
+n(n2)X —n(X)n(2)Y]
Putting Z = £ in (27), we get
CX,Y)$ =RX, V)¢ — [n(Y)X —n(X)Y]
Again putting X = £ in (27), we obtain
CEY)Z=R(EY)Z—-[g(Y,2)§ —n(2)Y]
Putting Z = £ in (29) and using (19), we obtain
CEY)E=0
for all vector fields X,Y and Z on M.
Further, putting Z = ¢ in (8) and using (20), we obtain
PX,Y)§ =R(X,Y)§ —n(Y)X + n(X)Y
Putting X = ¢ in (8) and using (22), we get
P(§,Y)Z = R(EY)Z ——[ag(¥, 2)§ + bn(Y)n(2)§ — (a + b)n(2)Y]
Taking Z = & in (32) and using (19), (23) we obtain
P, Y)§=0

3. & - Projectively flat K-contact manifold

185

(27)

(28)

(29)

(30)

(31)

(32)

(33)

Definition 3.1. An almost contact manifold (M", g) is said to be &-projectively flat if it

satisfies P(X,Y)& = 0, where X,Y € y(M) and & is associated vector field.

A ¢ —projectively flat manifold can be written as
R(X,Y)E = —=[S(Y, )X = S(X,£)Y]

Using (20) in (34), we get

(34)
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R(X,Y)¢ = n(¥)X —n(X)Y.

Which implies that manifold is Sasakian.

This leads to the following result:

Theorem 3.1. A &-projectively flat K-contact manifold is a Sasakian manifold.
Again using (22) in (34), we get

+b

ROYIE = = [n(NX = 1(0)Y]

Using (23) in above, we get

RX,Y)¢ = n(¥)X —n(X)Y.

Which implies that manifold is Sasakian.
This leads to the following result:

Theorem 3.2. A &-projectively flat K-contact n- Einstein manifold is a Sasakian
manifold.

4. ¢Q flat K-contact manifold

Definition 4.1. An almost contact manifold (M", g) is said to be £Q flat if Q(X,Y)¢ = 0,
where X,Y € y(M) and ¢ is associated vector field.

A EQ flat manifold can be written as

R(X,YV)E = —=[n()X —n(X)Y].
This leads to the following result:

Theorem 4.1. A £Q flat manifold K-contact manifold is a Sasakian manifold if and only
if¥ =mn-1).
For¥ = % Q curvature tensor reduces to concircular curvature tensor. Then in view of

above theorem we obtain

Corollary 4.1. A &-concircularly flat K-contact manifold is a Sasakian manifold if and
onlyifr=n(n-1).

5. K-contact n-Einstein manifold satisfying R(¢,Y).C = Q(S, C)

This section is devoted to study K-contact n-Einstein manifold satisfying the curvature
condition
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R(&,Y).C=0Q(S,0)

i.e. (R(E,Y).C)U,VIW = Q(S,C)(U, VW,
forall Y,U,Vand W € y(M).

The above equation implies

REYV)CWUVIW —CRE YU, VIW — C(U,R(E YVIVIW — C(U,VIR(E YW
= (EnsY)CU,VIW = C(EAsY)U,VIW — C(U, ErsVIW
— C(U,V)(ErYIW

Using (12) and (22) in above, we obtain

REYV)CWU, VW — C(RE YU, VIW — C(U,R(E YIVIW — C(U,VIR(E, Y)W
= [ag(Y,C(U,VIW) + bn(Y)n(C(U,VIW)]E

—[ag(, CU,VIW) + bn(En(CU,VIW)]Y

l[ag(Y,U) + bn(Y)n(W)]C (&, VIW

lag (&, U) + bn(EnW)IC(Y, VIW

[ag(Y,V) + bn(Y)n(V)]IC(U,HW

lag (&, V) + bn(En(WV)]CU, YIW

l[ag(Y, W) + bn(Y)n(W)]C(U,V)E

lag(&, W) + bn($m(W)]CU, V)Y

+ I+ I+ |

(35)
Substituting U = W = & in (35) and using (30), we obtain
—C(R(,Y)EV)E = CEVIRE, YIS = (a+b)[CY,V)E+CE, VY]
Using (19) and (23), we obtain
(n=2)[CY,VE+CEVY]=0
Hence for n > 3, it follows that
[CY,V)¢E+CEV))Y]=0 (36)
Using (28) and (29) in (36), we obtain
R(Y,V)¢E+REVY —gWV,V)éE+2n(V)V —n(V)Y =0 (37)
Interchanging Y and V in (37), we obtain
RV, )¢+ R(EYIV —gY,V)é+2n(V)Y —n(Y)V =0 (38)
Subtracting (38) from (37), we get
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R(Y,V)¢é+R(E V)Y —RWV,Y)E—REYVIV+3[n(V)V—n(V)Y]=0
Using the Bianchi’s first identity, we have

R(Y, V)¢ = n(V)Y —n(¥)V.

Which implies that manifold is Sasakian.

This leads to the following result:

Theorem 5.1. Let (M™, g) be an n(n > 3) dimensional K-contact n-Einstein manifold
satisfying the curvature condition R(¢,Y).C = Q(S, C) then the manifold is a Sasakian
manifold.

6. K-contact n-Einstein manifold satisfying R(¢,Y).P = Q(S, P)

This section is again devoted to study K-contact n-Einstein manifold satisfying the
curvature condition

R(,Y).P=Q(S,P)

i.e. (R(£,Y).P)(U,VIW = Q(S,P)(U, V)W,
forall Y,U,Vand W € y(M).

The above equation implies

R Y)P(U VYW — P(R(E,Y)U, VYW — P(U, R, YIVIW — P(U,V)R(E, VW
= (EnsY)P(U,VIW — P((EnsY)U, V)W — P(U, GnsIVIW
— P(U,V)(ErgV)W

Using (12) and (22) in above, we obtain

R, Y)P(U,VIW — P(R(E,Y)U, V)W — P(U,R(E, Y)V)W — P(U,VIR(E, Y)W
= [ag(Y,P(U,VIW) + bn(YIn(P(U,VIW)]E
lag (& P(U,VIW) + bn(n(PU,VIW)]Y
[ag(Y,U) + bn(V)n(W)]P(E,VIW
+ [ag (&, U) + bn(On(W)]PY, VYW
= [ag(Y,V) + bn(Y)n(V]PU, W
[
[
[

—+

ag(&, V) + bn(EnWIPWU, V)W

—[ag(Y, W) + bn(Y)n(W)IP(U,V)E

+ [ag(&, W) + bn(On(W)]P(U, V)Y

(39)

Substituting U = W = £ in (39) and using (33), we obtain
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—P(R(§,Y)E,V)E — P(§,VIR(E, Y)E = (a+D)[P(Y,V)§ + P(§,V)Y]
Using (19) and (23), we obtain
(n=2)[PY,V)¢E+PEVIY]=0
Hence for n > 3, it follows that
[P(Y,V)E+P(EV)Y]=0 (40)
Using (31) and (32) in (40), we obtain
R(Y,V)E +R(EVIY —=n(V)Y +n(Y)V ——[ag(V,Y)¢
+bn(V)n(¥)§ — (a+b)n(Y)V] =0 (41)
Interchanging Y and V in (41), we obtain

RV, Y)¢E+REYVIV —n(Y)V + (V)Y —

——lag(¥,V)¢

+bn(Y)n(V)§ — (a+ b)n(V)Y] =0 (42)
Subtracting (42) from (41) and using (23), we get
R(Y,V)¢E+RE V)Y —RWV,Y)E—REYVIV +3[n(Y)V —n(V)Y] =0
Using the Bianchi’s first identity, we have
RY,V)§ = n(V)Y —n(¥)V.
Which implies that manifold is Sasakian.
This leads to the following result:

Theorem 6.1. Let (M", g) be an n(n > 3) dimensional K-contact n-Einstein manifold
satisfying the curvature condition R(¢,Y).P = Q(S, P) then the manifold is a Sasakian
manifold.
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