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Abstract: We have considered the conformal β-change of the Finsler metric given by 

𝐿∗(x,y) = 𝑒𝜎(𝑥) f(L(x y), β (x, y)), where 𝜎 (x) is a function of x, β (x, y) = 𝑏𝑖(𝑥)𝑦𝑖 is a  

1-form on the underlying manifold 𝑀𝑛 , and f(L(x y), β (x, y)) is a homogeneous function of 

degree one in L and β. Let 𝐹𝑛and 𝐹∗𝑛  denote Finsler spaces with metric functions L and 

𝐿∗respectively. When 𝐹𝑛 is transformed to 𝐹∗𝑛by Homothetic β-change, we obtained 

conditions for 𝐹∗𝑛  to be a Landberg space, a Berwald space or a locally Minkowskian space 

when 𝐹𝑛  is a space of the same kind under the assumption that 𝑏𝑖(𝑥) is Cartan-parallel. 
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1. Introduction 

Let 𝐹𝑛 = (𝑀𝑛 , 𝐿) be an n-dimensional Finsler space on the differentiable manifold 

𝑀𝑛 , equipped with the fundamental function L(x,y). Prasad and BinduKumari [10] and 

Shibata [11] have studied the general case of β- change, i.e., 

 𝐿∗(𝑥, 𝑦)= f(L, β), 

where f is positively homogeneous function of degree  one in L and β, and β given by 

β(x,y) = 𝑏𝑖(x)𝑦𝑖 is a one-form on 𝑀𝑛 . The β-change of special Finsler spaces has been 

studied by Shukla, et al. [15]. 

The conformal theory of Finsler space was initiated by Knebelman [7] in 1929 and has 

been investigated in detail by many authors (Hashiguchi[3], Izumi[4,5], Kitayama[6], 

Abed [1,2]). The conformal change is defined as 𝐿∗(x,y)→ 𝑒𝜎(𝑥)L(x,y) , where 𝜎 (x) is a 

function of position only and known as conformal factor. In 2009 and 2010, Youssef, et 

al. [16,17] introduced the transformation 𝐿°(x; y) = f (𝑒𝜎 𝑥 𝐿, 𝛽)) , which is general 𝛽-

change of conformally changed Finsler metric L. 
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We have changed the order of combination of theabove two changes in our paper [12], i.e., 

𝐿∗(x,y) =𝑒𝜎 f(𝐿, 𝛽) , (1) 

where 𝜎 𝑥  is a function of x,β(x,y) = 𝑏𝑖(x)𝑦𝑖  is a 1-form on 𝑀𝑛 . We have called this 

change as conformal 𝛽-change of Finslermetric. In this paper we have investigate the 

condition under which a conformal β-change of Finsler metric leads a Douglas space into 

a Douglas space. We have also found the necessary and sufficient conditions for this 

change to be a projective change. 

We have studied quasi-C-reducibility, C-reducibility, semi-C-reducibility and calculated 

T-tensor of 𝐹∗𝑛 = [𝑀∗𝑛 , 𝐿∗]in [13]. Further, we have studied S3-likeness, S4-likeness and 

Killing correspondence between the Finsler spaces 𝐹𝑛and 𝐹∗𝑛 in [14]. 

When 𝜎 = 0, the change (1) reduces to a β–change. When 𝜎 = 𝑐𝑜𝑛𝑡𝑎𝑛𝑡, it becomes a 

homothetic β–change. When 𝑓(𝐿, 𝛽) has special forms as 𝐿 + 𝛽 ,
𝐿2

𝐿−𝛽
 ,

𝐿2

𝛽
 ,

𝐿𝑚 +1

𝛽𝑚  (m≠

0, −1), we get conformal Randers change, conformal Matsumoto change, conformal 

Kropina change, conformal generalized Kropina change of Finsler metric[8,9] 

respectively. The Finsler space equipped with the metric 𝐿∗given by (1) will be denoted 

by𝐹∗𝑛 . Throughout the paper the quantities corresponding to  𝐹∗𝑛  has been denoted by 

putting star on the top of them.  

Homogeneity of 𝑓 gives  

𝐿𝑓1 + 𝛽𝑓2 = 𝑓 

where subscripts “1” and “2” denote the partial derivatives with respect to𝐿 𝑎𝑛𝑑  𝛽 

respectively. 

Differentiating above equations with respect to 𝐿 𝑎𝑛𝑑  𝛽 respectively, we get  

𝐿𝑓12 + 𝛽𝑓22 = 0 and 𝐿𝑓11 + 𝛽𝑓21 = 0 

Hence, we have 
𝑓11

𝛽2 =
−𝑓12

𝐿𝛽
=

𝑓22

𝐿2  , 

which gives  

𝑓11 = 𝛽2𝜔,  𝑓12 = −𝐿𝛽𝜔,  𝑓22 = 𝐿2𝜔, 

where Weierstrass function 𝜔 is positively homogeneous of degree-3 in 𝐿 𝑎𝑛𝑑  𝛽. 

Therefore  

𝐿𝜔1 + 𝛽𝜔2 + 3𝜔 = 0 

where𝜔1 and 𝜔2 are positively homogeneous of degree – 4 in 𝐿 𝑎𝑛𝑑 𝛽. 

Throughout the paper we frequently use the above equations without quoting them. Also 

we have assumed that f is not linear function of 𝐿 𝑎𝑛𝑑  𝛽 so that 𝜔 ≠ 0. 
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2. Fundamental quantities of 𝑭𝒏 

Differentiating equation (1) with respect to 𝑦𝑖we have 

𝑙𝑖
∗ = 𝑒𝜎 𝑓1𝑙𝑖 + 𝑓2𝑏𝑖   (2) 

Differentiating equation (2) with respect to 𝑦𝑗 we have 

𝑕𝑖𝑗
∗ = 𝑒2𝜎  𝑝𝑕𝑖𝑗 + 𝑞0𝑚𝑖𝑚𝑗   (3) 

where𝑝 =
𝑓𝑓1

𝐿
 ,   𝑚𝑖 = 𝑏𝑖 −

𝛽

𝐿
𝐿𝑖  ,  𝑞0 = 𝑓𝐿2𝜔     . 

From (2) and (3) we get the following relation between metric tensors of 𝐹𝑛  𝑎𝑛𝑑𝐹∗𝑛  : 

𝑔𝑖𝑗
∗ = 𝑒2𝜎 𝑝𝑔𝑖𝑗 + 𝑝2𝑙𝑖𝑙𝑗 + 𝑝1 𝑙𝑖𝑏𝑗 + 𝑙𝑗𝑏𝑖 + 𝑝0𝑏𝑖𝑏𝑗   , (4) 

Where     𝑝0 = 𝑞0 + 𝑓2
2  , 𝑝1 = 𝑓𝑓1 − 𝑓𝐿𝛽𝜔 , 𝑝2=

𝛽(𝑓𝑓1−𝑓𝐿𝛽𝜔  )

𝐿
  . (5) 

 𝑙𝑖 = 𝑔𝑖𝑗 𝑙𝑗   , 𝑏𝑖 = 𝑔𝑖𝑗 𝑏𝑗   , 𝑏2 = 𝑔𝑖𝑗 𝑏𝑖𝑏𝑗   , ∆ =
𝛽2

𝐿2 − 𝑏2 , 

Under the conformal change (1) we get the following relation between Cartan's  

C-tensors of 𝐹𝑛  𝑎𝑛𝑑 𝐹∗𝑛 : 

𝐶𝑖𝑗𝑘
∗ = 𝑒2𝜎 [p𝐶𝑖𝑗𝑘 +

𝑝

2𝐿
(𝑕𝑖𝑗𝑚𝑘 + 𝑕𝑗𝑘 𝑚𝑖 + 𝑕𝑘𝑖𝑚𝑗 )+

𝑞𝐿2

2
𝑚𝑖𝑚𝑗𝑚𝑘] (6) 

𝐶𝑗𝑘
∗𝑖 = 𝐶𝑗𝑘

𝑖 +
𝑝

2𝑓𝑓1
 𝑕𝑗𝑘 𝑚𝑖 + 𝑕𝑗

𝑖𝑚𝑘 + 𝑕𝑘
𝑖 𝑚𝑗  −

𝑝𝐿∆

2𝑓2𝑓1𝑡
𝑕𝑗𝑘 𝑛𝑖 +

 2𝑝𝐿+𝑞𝐿4∆ 

2𝑓2𝑓1𝑡
𝑚𝑗𝑚𝑘𝑚

𝑖 −

𝐿

𝑓𝑡
𝐶 .  𝑗𝑘 𝑛𝑖 −

𝑞𝐿3

2𝑓𝑓1
𝑚𝑗𝑚𝑘𝑚

𝑖  ,  (7) 

where𝐶 .𝑗𝑘 = 𝐶𝑖𝑗𝑘 𝑏𝑖  

The spray coefficient of is given by [14] : 

𝐺∗𝑖 = 𝐺𝑖 + 𝐷𝑖  , (8) 

Where the vector 𝐷𝑖 is given by 

𝐷𝑖 =
𝑓2𝐿

𝑓1
𝑠0
𝑖 −

𝐿

𝑓𝑓1𝑡
 𝑓1𝑟00 − 2𝐿𝑓2𝑠𝑟0𝑏

𝑟  𝑝𝑦𝑖 − 𝐿2𝑤𝑓𝑏𝑖 + 𝜎0𝑦
𝑖 −

1

2
𝑓2𝜎𝑖), (9) 

2𝑟𝑖𝑗 = 𝑏𝑖 𝑗  +𝑏𝑗  𝑖        , 2𝑠𝑖𝑗 = 𝑏𝑖 𝑗  −𝑏𝑗  𝑖    (10) 

The Cartan’s non-linear connection of 𝐹∗𝑛  is given by [14]: 

𝑁𝑗
∗𝑖 = 𝑁𝑗

𝑖 + 𝐷𝑗
𝑖  (11) 

Where the tensor 𝐷𝑗
𝑖  = 𝜕𝑗 𝐷

𝑖 is given by 

𝐷𝑗
𝑖  = 

𝐿𝑒2𝜎

𝑓 𝑓1
𝐴𝑗

𝑖-𝑄𝑖𝐴𝑟𝑗 𝑏
𝑟 +  

𝑝𝐿𝑓2

𝑓2𝑓1
2𝑡

𝑏0𝑗  −𝐿𝑓1𝑏
𝑖 +  𝑓𝛽 − ∆𝐿2𝑓2 𝑦

𝑖 +  𝜎𝑗𝑦
𝑖 − 𝑓 𝜎𝑖(𝑓1𝑙𝑖 + 𝑓2𝑏𝑖) (12) 

in which 
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𝐴𝑖𝑗 =  
1

2
𝑟00𝐵𝑖𝑗 +  𝑒2𝜎𝑓𝑓2𝑠𝑖𝑗 +  𝑠𝑖0𝑄𝑗 − ( 

𝑒2𝜎𝑓𝑓1

𝐿
𝐶𝑖𝑚𝑗 +  𝑉𝑖𝑗𝑚 )𝐷𝑚  , 

𝐴𝑗
𝑖 = 𝑔𝑖𝑟𝐴𝑟𝑗  , 𝑉𝑖𝑗𝑚 = 𝑔𝑠𝑗𝑉𝑖𝑚

𝑠  , 𝑄𝑖 = 𝑒2𝜎 𝑝𝑦𝑖 + 𝑓𝐿2𝜔𝑦𝑖 + 𝑓2
2𝑏𝑖 , 

𝐵𝑗𝑘 =  
1

2
𝑒2𝜎 𝑝𝑕𝑗𝑘 +  𝑞𝐿2𝑚𝑗𝑚𝑘 , 𝜕𝑘

 𝑄𝑗 =
1

2
𝐵𝑗𝑘   . 

The Berwaldconnection coefficient of 𝐹∗𝑛  is given by [14]: 

𝐺𝑗𝑘
∗𝑖 = 𝐺𝑗𝑘

𝑖 + 𝐵𝑗𝑘
𝑖       , 𝐵𝑗𝑘

𝑖 = 𝜕𝑘
 𝐷𝑗

𝑖 (13) 

The Cartan’s connection coefficient of 𝐹∗𝑛  is given by [14]: 

𝐹𝑗𝑘
∗𝑖 = 𝐹𝑗𝑘

𝑖 + 𝐷𝑗𝑘
𝑖  , (14) 

where we put  

𝐷𝑗𝑘
𝑖 =  

𝑒−2𝜎𝐿

𝑓𝑓1
𝑔𝑖𝑠 − 𝑄𝑖𝑏𝑠 + 𝑦𝑠

𝑒−2𝜎𝑝𝐿

𝑓3𝑓1𝑡
 −𝐿𝑓𝑏𝑖 +  𝑓𝛽 − ∆𝐿2𝑓2 𝑦

𝑖   

(𝐵𝑠𝑗𝑏0⃓𝑘+𝐵𝑠𝑘𝑏0⃓𝑗 − 𝐵𝑘𝑗 𝑏0⃓𝑠 + 𝑠𝑠𝑗𝑄𝑘 + 𝑠𝑠𝑘𝑄𝑗 + 𝑟𝑘𝑗 𝑄𝑠 +
𝑒2𝜎𝑓𝑓1

𝐿
𝐶𝑗𝑘𝑟 𝐷𝑠

𝑟 + 𝑉𝑘𝑗𝑟 𝐷𝑠
𝑟 −

𝑒2𝜎𝑓𝑓1

𝐿
𝐶𝑠𝑘𝑚 𝐷𝑗

𝑚 − 𝑉𝑠𝑗𝑚 𝐷𝑘
𝑚 −

𝑒2𝜎𝑓𝑓1

𝐿
𝐶𝑠𝑗𝑚 𝐷𝑘

𝑚 − 𝑉𝑠𝑘𝑚 𝐷𝑗
𝑚) − 𝑒−2𝜎𝜎𝑖 𝑔𝑗𝑘

∗  .  (15) 

The tensor  𝐷𝑗𝑘
𝑖  called the difference tensor, has the following properties: 

𝐷𝑗0
𝑖 = 𝐵𝑗0

𝑖 = 𝐷𝑗
𝑖  , 𝐷00

𝑖 = 2 𝐷𝑖 .  (16) 

The (v)h-torsion tensor of 𝐹𝑛  is defined as : 

𝑅𝑗𝑘
𝑖 = 𝛿𝑘𝑁𝑗

𝑖 − 𝛿𝑗𝑁𝑘
𝑖 ,            𝛿𝑘 = 𝜕𝑘 − 𝑁𝑘

𝑟𝜕𝑟
 , (17) 

and the h-curvature tensor of 𝐹𝑛  is defined as : 

𝑅𝑕𝑗𝑘
𝑖 = 𝜗(𝑗 ,𝑘)[𝛿𝑘𝐹𝑕𝑗

𝑖 − 𝐹𝑕𝑗
𝑚𝐹𝑚𝑘

𝑖 ] + 𝐶𝑕𝑚
𝑖 𝑅𝑗𝑘

𝑚  .  (18) 

The (v)hv-torsion tensor of 𝐹𝑛  is defined as : 

𝑃𝑗𝑘
𝑖 = 𝜕𝑘

 𝑁𝑗
𝑖 − 𝐹𝑗𝑘

𝑖  . (19) 

3. Homothetic β-Change with 𝒃𝒊(x) as cartan-parallel 

We prove the following theorem : 

Theorem 4.1.Under the conformal 𝛽-change (1), consider the following two assertions: 

(1) The covariant vector 𝑏𝑖(x)is Cartan-parallel. 

(2) The difference tensor 𝐷𝑗𝑘
𝑖 vanishes identically. 

Then we have: 

(a) If (1) and (2) hold, then 𝜎 is constant. 
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(b) If 𝜎 is contant then (1) and (2) are equivalent. 

Proof: (a) If 𝐷𝑗𝑘
𝑖 = 0, thenby second equation of (16), 𝐷𝑖 = 0. Moreover, 𝑏𝑗⃓𝑘  = 0 

implies that 𝑟𝑖𝑗  = 𝑠𝑖𝑗  = 0. Consequently, (9) reduces to 

𝜎0𝑦
𝑖 −

1

2
𝑓2𝜎𝑖 = 0  (20) 

Transvecting equation (20) by 𝑦𝑖 , we get 𝜎0= 0. Then by second equation of (16) gives 𝜎𝑖  

= 0. Hence 𝜎 is constant. 

(b) Let 𝜎 is constant and 𝑏𝑗⃓𝑘  = 0. Then 𝐷𝑖   = 0, by virtue of (9). Consequently 𝐷𝑗𝑘
𝑖 = 0 

by virtue of (15). 

On the other hand, let 𝜎 is constant 𝐷𝑗𝑘
𝑖 = 0. Then by second equation of (16), 𝐷𝑖  = 0. 

Hence, (9) reduces to 

𝑓2𝐿

𝑓1
𝑠0
𝑖 −

𝐿

𝑓𝑓1𝑡
 𝑓1𝑟00 − 2𝐿𝑓2𝑠𝑟0𝑏

𝑟  𝑝𝑦𝑖 − 𝐿2𝑤𝑓𝑏𝑖 = 0 (21) 

Transvecting (21) by 𝑦𝑖and noting that  𝐿2(𝑝 − 𝜔𝛽𝑓 ) is not equal tozero, we get 

𝑓1𝑟00 − 2𝐿𝑓2𝑠𝑟0𝑏
𝑟 = 0 (22) 

This, together with (21), implies that 𝑠0
𝑖 = 0. Consequently 𝑟00 = 0 by virtue of (22). 

Since𝑠𝑖𝑗 = 𝜕𝑘
  𝑠𝑖0 and 𝑟𝑗0 = 𝜕𝑗  𝑟00, therefore 𝑠𝑖𝑗 = 0 and 𝑟𝑗0 = 0, which leads to 𝑏𝑖 0 =

𝑏0 𝑗  = 0. Consequently, (15) gives 

𝑟𝑘𝑗 𝑄𝑠  
𝑒−2𝜎𝐿

𝑓𝑓1
𝑔𝑖𝑠 − 𝑄𝑖𝑏𝑠 + 𝑦𝑠 𝑒−2𝜎𝑝𝐿

𝑓3𝑓1𝑡
 −𝐿𝑓𝑏𝑖 +  𝑓𝛽 − ∆𝐿2𝑓2 𝑦

𝑖  = 0 (23) 

Hence 𝑟𝑘𝑗 𝑄𝑠= 0 .Trasvecting this with𝑦𝑠we gets 𝑟𝑘𝑗 = 0.Thus 𝑏𝑖(x) is Cartan-parallel. 

Corollary (3.1): (a) Let the conformal 𝛽-change(1)be a conformal 𝛽-change (𝜎 = 0), 

then𝐷𝑗𝑘
𝑖 vanishesidentically iff𝑏𝑖(𝑥) is Cartan-parallel. 

If 𝐹𝑛 is a Landsberg space, a Berwald space or a locally Minkowskian space, we want to 

see whether 𝐹∗𝑛 is a space of the same kind under some conditions. 

When 𝜎 is constant and 𝑏𝑖(𝑥) is Cartan-parallel, then by virtue of (10) and (15), we have 

𝑅𝑗𝑘
∗𝑖 = 𝑅𝑗𝑘

𝑖  (24) 

Under the aforesaid conditions we have 

𝑅𝑕𝑗𝑘
∗𝑖 = 𝑅𝑕𝑗𝑘

𝑖 + 𝐸𝑕𝑚
𝑖 𝑅𝑗𝑘

𝑚  , 𝐸𝑗𝑘
𝑖 = 𝐶𝑗𝑘

∗𝑖 − 𝐶𝑗𝑘
𝑖  (25) 

by virtue of (18), (14) and (24). Again, when 𝜎 is constant and  𝑏𝑖(𝑥) is Cartan-parallel, 

thenby virtue of (19), (11) and (14), we have 

𝑃𝑗𝑘
∗𝑖 = 𝑃𝑗𝑘

𝑖  
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A Finsler space 𝐹𝑛 is called a Landesberg space if 𝑃𝑗𝑘
𝑖 = 0. From (26) we have 

Theorem (3.2). A Landesberg space remains Landesberg space under homothetic  

𝛽-change and  𝑏𝑖(𝑥) is Cartan-parallel. 

A Finsler space 𝐹𝑛 is called a Berwald space if 𝜕𝑕
 𝐺𝑗𝑘

𝑖 = 0. When 𝜎 is constant and 𝑏𝑖(𝑥) 

is Cartan-parallel, then by virtue of (11), we have 

𝐺𝑗𝑘
∗𝑖 = 𝐺𝑗𝑘

𝑖 . (26) 

Thus we have the theorem: 

Theorem (3.3). A Berwald space remains Berwald space underhomothetic 𝛽-change and 

 𝑏𝑖(𝑥) is Cartan-parallel. 

A Finsler space 𝐹𝑛 is a locally Minkowskian space if 𝐹𝑛  is a Berwald space and the h-

curvature tensor 𝑅𝑕𝑗𝑘
𝑖 vanishes. 

We prove the following theorem: 

Theorem (3.3). A locally Minkowskian space remains a locally Minkowskian under 

homothetic 𝛽-change if  𝑏𝑖(𝑥) is Cartan-parallel. 

Proof: First we prove that𝑅𝑕𝑗𝑘
∗𝑖  vanishes if f𝑅𝑕𝑗𝑘

𝑖  vanishes. Let 𝑅𝑕𝑗𝑘
𝑖 = 0. Then 𝑅𝑗𝑘

𝑖 = 0 and 

hence by virtue of (25) we have 𝑅𝑗𝑘
∗𝑖=0. Conversely, let 𝑅𝑕𝑗𝑘

∗𝑖  = 0. Then  

𝑅𝑕𝑗𝑘
𝑖 + 𝐸𝑕𝑚

𝑖 𝑅𝑗𝑘
𝑚= 0. Transvecting by 𝑦𝑕gives 𝑅𝑗𝑘

𝑖 = 0 and therefore 𝑅𝑕𝑗𝑘
𝑖 = 0. The proof 

follows from theorem (3.3) and the above fact. 
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