Journal of Rajasthan Academy of Physical Sciences
ISSN : 0972-6306; URL : http://raops.org.in
Vol.17, No.3&4, July-December, 2018, 173-180

HOMOTHETIC g-CHANGE OF FINSLER METRIC

H.S. Shukla®, Neelam Mishra? and Khageshwar Mandal®

L2Department of Mathematics & Statistics,

D.D.U. GKP University, Gorakhpur, U.P. India - 273009

*Department of Mathematics, Padma Kanya Multiple Campus,

Tribhuvan University Kathmandu, Nepal

Email: profhsshuklagkp@rediffmail.com, pneelammishra@gmail.com,
khageshwarmandal@gmail.com

Abstract: We have considered the conformal p-change of the Finsler metric given by
L*(xy) = e?® f(L(x y), B (x, y)), where g (x) is a function of x, B (X, y) = b; (x)y'is a
1-form on the underlying manifold M", and f(L(x y), B (X, y)) is a homogeneous function of
degree one in L and P. Let F"and F*™ denote Finsler spaces with metric functions L and
L*respectively. When F"is transformed to F*"by Homothetic p-change, we obtained
conditions for F*™ to be a Landberg space, a Berwald space or a locally Minkowskian space
when F™ is a space of the same kind under the assumption that b; (x) is Cartan-parallel.
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1. Introduction

Let F* = (M™,L) be an n-dimensional Finsler space on the differentiable manifold
M™, equipped with the fundamental function L(X,y). Prasad and BinduKumari [10] and
Shibata [11] have studied the general case of B- change, i.e.,

L*(x,y)= (L, B).
where f is positively homogeneous function of degree one in L and B, and B given by

B(x,y) = b;(X)y'is a one-form on M™ . The B-change of special Finsler spaces has been
studied by Shukla, et al. [15].

The conformal theory of Finsler space was initiated by Knebelman [7] in 1929 and has
been investigated in detail by many authors (Hashiguchi[3], 1zumi[4,5], Kitayama[6],
Abed [1,2]). The conformal change is defined as L*(x,y)— e ®L(x,y) , where o (x) is a
function of position only and known as conformal factor. In 2009 and 2010, Youssef, et
al. [16,17] introduced the transformation L’(x; y) = f (e°®)L, B)) , which is general -
change of conformally changed Finsler metric L.
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We have changed the order of combination of theabove two changes in our paper [12], i.e.,
L*(xyy) =e? (L, B) , 1)

where o(x) is a function of x,B(x,y) = b;(X)y* is a 1-form on M™. We have called this
change as conformal B-change of Finslermetric. In this paper we have investigate the
condition under which a conformal B-change of Finsler metric leads a Douglas space into
a Douglas space. We have also found the necessary and sufficient conditions for this
change to be a projective change.

We have studied quasi-C-reducibility, C-reducibility, semi-C-reducibility and calculated
T-tensor of F*™ = [M™™, L*]in [13]. Further, we have studied S3-likeness, S4-likeness and
Killing correspondence between the Finsler spaces F™*and F*"in [14].

When ¢ = 0, the change (1) reduces to a f—change. When ¢ = contant, it becomes a

2 2 m+1

homothetic B—change. When f(L,B) has special forms as L "‘[”'LLT/; % Lﬁ—m (m=
0,—1), we get conformal Randers change, conformal Matsumoto change, conformal
Kropina change, conformal generalized Kropina change of Finsler metric[8,9]
respectively. The Finsler space equipped with the metric L*given by (1) will be denoted
byF*". Throughout the paper the quantities corresponding to F*" has been denoted by
putting star on the top of them.

Homogeneity of f gives

Li+Bfa=f

where subscripts “1” and “2” denote the partial derivatives with respect toL and f
respectively.

Differentiating above equations with respect to L and f respectively, we get

Lfio +Bfz =0and Lfi1 +Bf1 =0

fu _—fe _ f2
Hence, we have 2= S

which gives
fir = B*w, fiz = —LBw, fr = L*w,

where Weierstrass function w is positively homogeneous of degree-3 in Land f.
Therefore

Lwi+Bwy;+3w=0
wherew; and w, are positively homogeneous of degree —4 in L and S.

Throughout the paper we frequently use the above equations without quoting them. Also
we have assumed that f is not linear function of L and g so that w =+ 0.
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2. Fundamental quantities of F™

Differentiating equation (1) with respect to y‘we have

i =e’(fili + f2b) (2)
Differentiating equation (2) with respect to y/ we have
h* 20( phz] + qom;m, ) (3)

wherep—m, m; =bi—%Li, q = fL’w

From (2) and (3) we get the following relation between metric tensors of F™* andF*™ .

gij = eza(p.gij + p2lil; +p1(libj + ljbi) +p0bibj) , 4)
—fL
Where po = qo + fF ,p1 = ffi — fLBw p, =2 LE0) 5)
. .. . .. 2
It :gljlj bt :gl]bj )bz :g”blb] , A:%_bz'

Under the conformal change (1) we get the following relation between Cartan's
C-tensors of F™ and F™:

Cik = e*[pCy + zp_L(hijmk + hypm; + hklmj)"' m im;my] (6)
wi i i i i pLA ;. (2pL+qL*A) i

Cjkl—Cl fo hkm‘+h-lmk+h}€mj)—mhjknl+wmjmkml—

L .

f—tC_]-knl fo m]mkm @)

whereC j = Cyj. b’

The spray coefficient of is given by [14] :

G*=G'+D", (8)
Where the vector D'is given by

D=5 gf - —— (firop — 2Ly5r0b ) (py' — LPwfb') + ay' =3 £%a"), (©)
2ry = byjthy , 2sy = by —byy; (10)

The Cartan’s non-linear connection of F*" is given by [14]:

N =+ D) 1)

Where the tensor D = 9, D" is given by

Dj == — Al QA"+ Fboy (<LAD + (FB — ML)V + gy — f o' (fili + fob) (12)

in which
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2"ff1

1
Ay = 7To0By + e* ffosy + si0Q; = (5
Ai = giTArj ;Vijm = gs] lm 'Qz = 820(pyL +fL wy; +f2 b)
Bjk = —eza(phk + qL m]mk) akQ] = lk .

The Berwaldconnection coefficient of F*™ is given by [14]:

Cimj + Vijm)D™,

*[ __ ol i i _ A7 i
Gie = G + By, By = 0k Dy

The Cartan’s connection coefficient of F*™ is given by [14]:

il = Ej + D,

where we put

i e_ZUL is ilhs e—ZU i 2
Die = |57 9° — @D 4y~ ( Lfb' + (fB — AL*f,)y")

(Bysbo +Bacbo y — Bigbo 15 + 55 Qp + 50 Q) + 7 Qs + 21

20 20
= Cskem D]m - Vsjm D}r{n - ﬂcsjm D}r{n — Vskm D]m) —-e 200_! g]k .

The tensor Dj"k called the difference tensor, has the following properties:
DjiO = BjiO = Dji ,D§y =2 D".
The (v)h-torsion tensor of F™ is defined as :
Ri = 6N/ — &N, 8 = O — N[0y,
and the h-curvature tensor of F™ is defined as :
Rijk =916k Fhj — Filt P 1 + Chon R
The (v)hv-torsion tensor of F™ is defined as :
= 0y~
3. Homothetic p-Change with b;(x) as cartan-parallel
We prove the following theorem :

jkr DT + ijr Ds

(13)

(14)

(15)

(16)

17)

(18)

(19)

Theorem 4.1.Under the conformal S-change (1), consider the following two assertions:

(1) The covariant vector b;(x)is Cartan-parallel.
(2) The difference tensor D]lk vanishes identically.

Then we have:
(@) If (1) and (2) hold, then ¢ is constant.
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(b) If o is contant then (1) and (2) are equivalent.

Proof: (a) If jik = 0, thenby second equation of (16), D' = 0. Moreover, b =0
implies that r;; = s;; = 0. Consequently, (9) reduces to

oo)" —%fzai =0 (20)

Transvecting equation (20) by y;, we get a,= 0. Then by second equation of (16) gives g;
= 0. Hence o is constant.

(b) Leto is constant and b; , = 0. Then D' =0, by virtue of (9). Consequently jik =0
by virtue of (15).

On the other hand, let o is constant D]‘k = 0. Then by second equation of (16), D; = 0.
Hence, (9) reduces to

;_156 - m(fﬂ”oo —2Lf35,0b")(py' — L*wfb') = 0 (21)
Transvecting (21) by y;and noting that (L?(p — wff)) is not equal tozero, we get
firoo — 2Lf25,0b" =0 (22)

This, together with (21), implies that s§ = 0. Consequently ry, = 0 by virtue of (22).
Sinces;; = 0 si0 and 7 = 9 1y, therefore s; = 0 and 7y = 0, which leads to b;o =
byj; = 0. Consequently, (15) gives

—20L A A —20 L 3 .
rg Qs [ g = Qb +y* S B (<L + (FB — AL f)y)| = 0 (23)
Hence r,; Q= 0 .Trasvecting this withywe gets ;= 0.Thus b;(x) is Cartan-parallel.

Corollary (3.1): (a) Let the conformal g-change(1)be a conformal g-change (¢ = 0),

thenDj, vanishesidentically iffb; (x) is Cartan-parallel.

If F™is a Landsberg space, a Berwald space or a locally Minkowskian space, we want to
see whether F*"is a space of the same kind under some conditions.

When ¢ is constant and b; (x) is Cartan-parallel, then by virtue of (10) and (15), we have

Rjﬁ = jik (24)
Under the aforesaid conditions we have

R*i'k = Rfiljk + EillmR]TI? , jik = ﬁci - jik (25)
by virtue of (18), (14) and (24). Again, when ¢ is constant and b;(x) is Cartan-parallel,
thenby virtue of (19), (11) and (14), we have

*[ _ pl
Py = By
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A Finsler space F™is called a Landesberg space if Pj‘}c = 0. From (26) we have

Theorem (3.2). A Landesberg space remains Landesberg space under homothetic
B-change and b;(x) is Cartan-parallel.

A Finsler space F"is called a Berwald space if 9}, }k = 0. When ¢ is constant and b; (x)
is Cartan-parallel, then by virtue of (11), we have

Gy = Gjy.. (26)
Thus we have the theorem:

Theorem (3.3). A Berwald space remains Berwald space underhomothetic -change and
b; (x) is Cartan-parallel.

A Finsler space F™is a locally Minkowskian space if F™ is a Berwald space and the h-
curvature tensor Rj, ;. vanishes.

We prove the following theorem:

Theorem (3.3). A locally Minkowskian space remains a locally Minkowskian under
homothetic -change if b;(x) is Cartan-parallel.

Proof: First we prove thatR;, vanishes if fR} ;, vanishes. Let R} ;; = 0. Then R}, = 0 and
hence by virtue of (25) we have R]’;(‘ =0. Conversely, let R*;'-k =0. Then

R}jx + EjmRi= 0. Transvecting by y"gives Rj, = 0 and therefore Rj,; = 0. The proof
follows from theorem (3.3) and the above fact.
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