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Abstract: In signal and image processing the use of wavelets as tool is vital. In 
present paper, we give the scaling, wavelet discretization of wave propagation 
equation. Periodic Wavelet Packets are used to discretize the wave propagation 
equations. We investigate the reduction of wave equation for Euler-Bernoulli 
beam frequency domain Analysis and discretized these equations using the 
periodic wavelet packets. The spectral analysis of wave propagation is related to 
the solution of the problem in transformed wavelet domain. 

MSC 2010 Classifications: 65T60, 34A35, 42C40. 

Keywords and phrases: Periodic wavelets, Wavelet packets, Galerkin Method, 
wave equation 

 
1. Introduction 
Engineers, Physicists and Mathematicians all together have developed wavelet analysis 
over past many decades. Grossmann and Morlet [9], Daubechies [6] and Meyer [14] have 
contributed a lot to develop the theory of Wavelets. There exist many of the bases 
functions in wavelets in comparison of Fourier expansion. The existence of many bases 
functions in wavelets led to some very successful applications within the field of signal 
processing. Coifman et.al. [3, 4, 5] and Wickerhauser [18] have contributed to develop 
the theory of wavelet packets which is the generalization of wavelets. Meyer [15] and 
Nielson [16] have discussed periodic wavelets. Hess-Nielson [10] discussed the 
resemblance between trigonometric system & periodic wavelet packets. Projection 
method is one of the most important notion of this theory studied by Barker [1] and Latto 
et. al.[13]. Kumar et. al. [11] studied the periodic boundary value problems (1-D 
Helmholtz Equation) by discretization method. 

Some differential equations can be solved by transformed methods. The wave 
propagation in structures is given in Doyle’s book [7] and wavelet transform is used to 
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study vibration problem. We use periodic wavelets and wavelet packets transform to 
solve wave propagation problems. Discrete Fourier Transform (DFT) is used to determine 
Spectrum and dispersion relation for a generalized system. Such relations provide wave 
numbers and wave speeds. These parameters play an important role to illustrate wave 
mechanics significantly and are also essential for Spectral Finite Element (SFE) 
formulation, see Gopalkrishnan and Mitra [8]. Moreover these parameters specify the 
nature of Wave Mode.  

Next for a propagating mode, the nature of frequency variation of wave numbers gives 
information whether the mode is non-dispersive i.e. dispersive where the shape changes 
with propagation. In this section, these parameters are explained using the example of a 
generalized one-dimensional second and fourth order system.  

Definition of Multi-resolution analysis (MRA) is very common and can be seen in many 
papers including [11]. Periodic scaling functions, wavelets and wavelet packets enable us 
to investigate such kind of cases. 

Definition 1.2: Let  2L �  be the scaling function, then 1-periodic scaling function 

for ,j lZ  is defined as 

 
      2

, , 2 2 ,j j
j l j l

n n

x x n x n l x  
 

 

       �  (1) 

Let  2L  �  be the basic wavelet, then the 1-periodic wavelet is defined as 

       2
, , 2 2 ,j j

j l j l
n n

x x n x n l x  
 

 

       �  (2) 

If  2
n L  �  be the basic wavelet packet then the 1-periodic wavelet packet is defined as 

 
      2

, , , , 2 2 ,j j
n j l n j l n

p p
x x p x p l x  

 

 

       �  (3) 

1.1 Connection Coefficients:The connection coefficients for orthonormal baseshave 
been studied by Barker [1], Latto et. al.[13], Perrier and Wickerhauser [17] and Kunth 
[12]. These coefficients are defined as 

 
1 2 1 2, ( ) ( )
, , , ,( ) ( ) , , ,d d d d

j l m j l j lx x dx j l m 



   �  

where 1 2andd d  are orders of differentiations.  The derivatives of connection 
coefficients have been considered well-defined. By variable transformation

 2 jx x l  , we obtain 
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   1 21 2 1 2, ,
, , 0,0,2 ( ) ( ) 2d dd d d djd jd

j l m m lx x m l dx 



      , where 1 2d d d  .  

The identity   11 2, 0,
0,0, 0,0,1 dd d d

n n    can be obtained by repeated use of integration by parts 
because the support of scaling functions is compact. Hence 

  11 2, 0,
, , 0,0,1 2dd d jd d

j l m m l     

1.2 Wavelet Packet Expansion of a function  2f L � : If a function  2f L �  
then 

      
1 10

0 0

0

2 1 2 1 2 1

, , , , , ,
0 02

J P j

P

J

J k J k n l k n l k
k j J kn

f x c x d x 
   

  

       (4) 

where   l j P  , 0 0 1 0 2, , ...,P J J J J   

and , ,n l kd  the wavelet packet coefficients is defined as 

    , , , , , ,,n l k n l k n l kd f f x x dx 



     (5) 

Now from equation (1.4), we have 

 
     

10

0 0

0

2 1 1 2 1 2 1

, , , , , ,
0 02

J P J

P

J

J l J l n l k n l k
l j J kn

f x c x d x 
   

  

       (6) 

where 

    
0 0, ,J l J lc f x x dx




  

 
(7) 

and 

    , , , ,n l k n l kd f x x dx



    (8) 

1.3 Expansion of Periodic Functions:  Let Jf V   and 0J with 00 J J  . 
Thedecomposition 

0
0

1J

J J jj J
V V W





    
 

   , which is obtain from 1J J JV W V      

splits function finto pure periodic scaling function expansion 
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     

2 1

, ,
0

, 0, 1
J

J l J l
l

f x c x x




    (9) 

and the periodic wavelet expansion 

 
       

0

0 0

0

2 1 1 2 1

, , , ,
0 0

, 0,1
J jJ

J l J l j l j l
l j J l

f x c x d x x 
  

  

       (10) 

If 0 0J  , than the equation (1.10) becomes 

 
   

0

1 2 1

0,0 , ,
0

jJ

j l j l
j J l

f x c d x
 

 

     (11) 

Now periodic wavelet packets expansion be 

 
       

10

0 0

0

2 1 1 2 1 2 1

, , , , , ,
0 02

, 0,1
J P J

P

J

J l J l n l k n l k
l j J kn

f x c x d x x 
   

  

        (12) 

Now we define the periodic extension f  of f  as 

     ,f x f x x x     �  (13) 

Then 1-periodicity of f  can be verified as 

 
        1 1 1 ,f x f x x f x x f x x                �  (14) 

As x    is an integer, we have        ,x x x x x x                 and

    ,n nx x x      for  x� . Equation (14) applying (12) gives 

       
10

0 0

0

2 1 1 2 1 2 1

, , , , , ,
0 02

J P J

P

J

J l J l n l k n l k
l j J kn

f x f x x c x x d x x 
   

  

                    

 
   

10

0 0

0

2 1 1 2 1 2 1

, , , , , ,
0 02

,
J P J

P

J

J l J l n l k n l k
l j J kn

c x d x x 
   

  

       �  (15) 

The coefficients in (9), (10) and (12) are respectively given by 

   , ,j l j lc f x x dx



   ;    , ,j l j ld f x x dx




   ;    , , , ,n l k n l kd f x x dx




    
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but in fact these coefficients are same as those of the non-periodic expansions. To prove 
this we use the fact that      , 0, 1f x f x x   and we have 

   
1

, , , ,0n l k n l kd f x x dx       
1

, ,0 n l k
n

f x x n dx




       , ,n l kf y y dy



    (16) 

1.4 Differentiating Matrix with Respect to Scaling Function: Let fbe a function in 

 d
JV C �  and 0J N  differentiating both sides of equation    , , ;J l J l

l
f x c x





 
x� , d–times, we obtain 

 

       , , ;d d
J l J l

l

f x c x x




  �  (17) 

It should be noted that    df x  in general not belong to jV  so project  df  back onto jV  as 

 

        , , ,
J

d d
V J k J k

k

P f x c x x




  �  (18) 

where accordingly, we have 

        , ,
d d

J k J kc f x x dx



   (19) 

Substituting equation (17) in equation (19), we get 

 

       , , , ,
d d

J k J l J k J l
l

c c x x dx 
 




               0,
, , , ,Γd d

J k J l J k l
l

c c




   

    
, , 2 Γd Jd d

J k J l l k
l

c c





     
, , 2 Γ ,d Jd d

J k J n k n
n

c c k





      

We used  1 2
, ,Γ 1 2 Γdd d Jd d

J l m m l   for the Last equality. Since Γd
n  is only non-zero for 

 2 , 2n D D   , so we define 

 

 
2

, ,
2

2 Γ ; ,
D

d Jd d
J k J n k n

n D

c c J k



 

  �  (20) 

Recall that if f is 1–periodic then 

 2, ,
, ,JJ l J l P

c c l P


 �  and    
2, ,

,J
d d

J k J k P
c c k P


 �  
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Hence it is sufficient to consider 2J  coefficient of either type or equation (20) becomes 

 

 
2

2

, ,
2

2 Γ ; 0,1,...,2 1
D

d Jd d J
J k nJ n k J

n D

c c k



 

    (21) 

The matrix form of the above system of equationscan be expressed as follows 

 
   d dc D c  (22) 

where   

2

2 Γ
J

d Jd d
nk n k

D


 , 0,1,..., 2 1; 2 ......, 2Jk n D D     , 

and         
,0 ,1 ,2 1

, , , J
d d d d

J J J
c c c c


     

We will refer the matrix  dD  as the differentiation matrix of order d. It can be seen that 
 dD is symmetric for d is even and skew symmetric for d is odd. 

2. Reduction of Wave Equations (for Euler-Bernoulli beam) 

The fourth order flexural wave equation for an Euler Bernoulli beam in time space is 
given by 

	ܫܧ  డ
ర௪
డ௫మ

+ Αߟ	 డ௪
డ௧

+ 	ܣߩ	 డ
మ௪
డ௧మ

= 0 (23) 

where ݔ)ݓ,  is the transverse displacement, I is the moment of inertia of the cross section, A (ݐ
is the Area of cross section and E is the Young’s modules. Flexural waves are more 
dispersivethan the longitudinal waves i.e., the speed of waves vary with frequencies. 

Similar to the approximation of the longitudinal displacement ݔ)ݑ,  given by (ݐ

,ݔ)ݑ  (ݐ = ,ݔ)ݑ	 ߬) = 	∑ ߬)߮(ݔ)௞ݑ − ݇)௞ ,				݇߳	ܼ (24) 

and transverse displacement ݔ)ݓ,  is approximated as(ݐ

,ݔ)ݓ  (ݐ = ,ݔ)ݓ	 ߬) = 	 ∑ ߬)߮(ݔ)௞ݓ − ݇);						௞ ݇߳	ܼ (25) 

where ݓ௞(ݔ) are the approximation coefficients at a certain location ݔ. Substituting 
Equation (23) in equation (21) we get 

ܫܧ	 ∑௞
ௗర௪಼
ௗ௫ర

߮(߬ − ݇) + ఎ஺
∆௧

∑௞ ߬)′௞߮ݓ − ݇) + ఘ஺
∆௧మ

∑௞ ߬)′′௞߮ݓ − ݇) = 0 (26) 

The inner product of equation (26) with (߬ − ݆), ݆ = 	0, 1, 2, … ,݊ − 1, yields 

ܫܧ ∑௞
ௗర௪ೖ
ௗ௫ర ∫ ߮(߬ − ݇)߮(߬ − ݆)݀߬ + 		 ఎ஺

∆௧
∑௞ ௞ݓ ∫ ߮′(߬ − ݇)߮(߬ − ݆)݀߬ +

ఘ஺
∆௧మ

∑௞ ௞ݓ ∫ ߮′′(߬ − ݇)		߮(߬ − ݆)݀߬		 = 0 (27) 

The translates of scaling functions mustbe orthogonal i.e.  
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 ∫ ߮(߬ − ݇)߮(߬ − ݆)݀߬ = 0														for	݆	 ≠ ݇ (28) 

Using equation (28), equation (27) can be written as   

	ܫܧ
ௗర௪ೕ

ௗ௫ర
+ 		 ఎ஺

∆௧
∑ ௝ି௞ߗ

ଵ௝ାேିଶ
௞ୀ௝ିேାଶ ௞ݓ 		+

ఘ஺
∆௧మ

∑ ௝ି௞ߗ
ଶ௝ାேିଶ

௞ୀ௝ିேାଶ ௞ݓ = 0		, ݆ = 	0, 1, 2, … ,݊ − 1  

⇒ 	ܫܧ
ௗర௪ೕ

ௗ௫ర
+ ∑௝ାேିଶ௞ୀ௝ିேାଶ ቀ ఎ஺

∆௧
௝ି௞ߗ
ଵ + 	 ఘ஺

∆௧మ
௝ି௞ߗ
ଶ ቁݓ௞ 	= 	0	, ݆ = 	0, 1, 2, … ,݊ − 1  (29) 

where ܰ is the order of Daubechies wavelet and  ߗ௝ି௞ଵ   and ߗ௝ି௞ଶ  are the connection 
coefficient given by  

௝ି௞ଵߗ	 = ∫ ߮′(߬ − ݇)߮(߬ − ݆)݀߬	 and 			ߗ௝ି௞ଶ = ∫߮′′(߬ − ݇)߮(߬ − ݆)݀߬	 

For compactly  supported  wavelets of Daubechies,  ߗ௝ି௞ଵ   and  ߗ௝ି௞ଶ  are  non-zero  only 
in the interval 	݇ = 	݆ − ܰ + 2	 to ݇ = 	݆ +ܰ − 2 The details of evaluation of connection 
coefficients for different order are given by Beylkin [2]. 

The differential equation (23) under forced boundary conditionsis 

		ܫܧ  డ
మ௪
డ௫మ

=  (30) ܯ

		ܫܧ  డ
య௪
డ௫య

= −ܸ (31) 

where ܯ and ܸ are the applied moment and transverse force respectively and ݔ)ܯ,  and (ݐ
,ݔ)ܸ   are given by (ݐ

,ݔ)ܯ  (ݐ = ,ݔ)ܯ	 ߬) = 	 ∑ ߬)߮(ݔ)௞ܯ − ݇)௞ , ݇߳	ܼ (32) 

,ݔ)ܸ  (ݐ = ,ݔ)ܸ	 ߬) = 	 ∑ ௞ܸ(ݔ)߮(߬ − ݇)௞ , ݇߳	ܼ (33) 

By equation (30) and (32) we obtain the following ODEs 

		ܫܧ 
ௗమ௪ೕ

ௗ௫మ
= ௝ܯ , ݆ = 	0, 1, 2, … ,݊ − 1. (34) 

Similarly by equation (31) and (33)  

		ܫܧ 
ௗయ௪ೕ

ௗ௫య
= − ௝ܸ 	, ݆ = 	0, 1, 2, … ,݊ − 1. (35) 

Spectral element for beam is formulated using the ODEs given by Equations (29), (24) 
and (35). 

Next the coefficients which are not in finite boundaries can be dealt with wavelet 
extrapolating technique. Thus the ODEs (29) in matrix equation is written as 

 ቄ
ௗర	௪ೕ

ௗ௫ర
ቅ + ቀఎ஺

ாூ
Γଵ + 	ఘ஺

ாூ
Γଶቁ ൛	ݓ௝ൟ = 0 (36) 

Again here the second order connection coefficient matrix Γଶ  is replaced by [Γଵ]	ଶ. This 
modification results in the following equation from equation (36) 
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 ቄ
ௗర	௪ೕ

ௗ௫ర
ቅ + ቀఎ஺

ாூ
Γଵ 	+ 	ఘ஺

ாூ
[Γଵ]ଶቁ ൛	ݓ௝ൟ = 0 (37) 

The decoupling of Equation (36) is done through eigenvalues analysis and the decoupled 
equation is obtained as  

 
ௗర௪ෝೕ
ௗ௫ర

+ 		ቀఎ஺
ாூ
௝ߛ + ఘ஺

ாூ
ෝ௝ݓ௝ଶቁߛ 	= 0, ݆	 = 	0,1,2, … ,݊ − 1 (38) 

where 

ෝ௝ݓ  = 	 ߮ିଵݓ௝ (39)  

߮ is the eigenvector matrix and ݅ߛ௝ are the eigenvalues of the matrix Γଵ as given by the 
equations 

 Γଵ =  ଵ (40)ି߮ߨ߮

and Γଶ = ߮πଶ߮ିଵ (41) 

The forced boundary conditions given by equation (34) and (35) are similarly 
transformed as  

		ܫܧ 
ௗమ௪ෝೕ
ௗ௫మ

= ෡௝ܯ 		, ݆	 = 	0,1,2, … ,݊ − 1 (42) 

		ܫܧ 
ௗయ௪ෝೕ
ௗ௫య

= − ෠ܸ௝ , ݆	 = 	0,1,2, … ,݊ − 1 (43) 

Now we discretized the above equation as follows. 

The equation (42) can be written as  

 
(ݔ)′′ෝ௝ݓ	ܫܧ = ෡௝ܯ (ݔ)
(ݔ)ෝ௝ݓ = 	 ݔ)ෝ௝ݓ + 1)

ቋ  ℝ (44)		߳	ݔ	

where  ߳ܫܧ	ℝ and ܯ෡௝(ݔ) = ݔ)෡௝ܯ	 + 1). 

2.1. Representation with respect to scaling functions: The discretization of equation 
(44) by ݓෝ௝(ݔ)replaced by the approximation 

(ݔ)ෝ௝௃ݓ  = 	∑ ൜ቀܥ௪ෝೕቁ௃௞
෤߮௃௞(ݔ)ൠଶ಻ି	ଵ

௞ୀ଴ 	߳ܬ				, ௢ܰ (45) 

′′ෝ௝௃ݓ  (ݔ) = 	∑ ൜ቀܥ௪ෝೕ
(ଶ)ቁ

௃௞
෤߮௃௞(ݔ)ൠଶ಻ି	ଵ

௞ୀ଴  (46) 

where ቀܥ௪ෝೕ
(ଶ)ቁ

௃௞
 are defined by  

ቀܥ௪ෝೕ
(ଶ)ቁ

௃௞
= ቂܦ(ଶ)ܥ௪ෝೕቃ௃௞

= ෍ ௃(௡ା௞)ଶ಻2௃ௗ[௪ෝೕܥ]
஽ିଶ

௡ୀଶି஽

Γ௡ௗ, ݇ = 	0, 1, 2, … , 2௃ − 1														(47) 
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The coefficients ቂܥ௪ෝೕቃ௃௞
can be evaluated by the Galerkin Method. Multiplying equation 

(44) by ෤߮௃௞(ݔ) and  and integrating over the limit [0,1], we get 

ܫܧ න ′′ෝ௝௃ݓ (ݔ)
ଵ

଴
෤߮௃௞(ݔ)݀ݔ = 		න (ݔ)෡௝ܯ

ଵ

଴
෤߮௃௞(ݔ)݀ݔ		 

Using equations (45), (46) and orthogonality of periodized scaling functions, we get 

ܫܧ  ቀܥ௪ෝೕ
(ଶ)ቁ

௃௞	
= 	 ቀܥெ෡ೕ ቁ

௃௞	
, ݇ = 0, 1, 2, 3 … , 2௃ − 1 (48) 

where 

௃௞[ெ෡ೕܥ]  = 	 ∫ ଵ(ݔ)෡௝ܯ
଴ ෤߮௃௞(ݔ)݀(49) ݔ 

In vector notation this becomes 

௪ෝೕܥܫܧ 
(ଶ) 		=  ெ෡ೕ (50)ܥ		

We obtain following system of linear equations  

௪ෝೕܥܣ  =  ெ෡ೕ (51)ܥ		

where 

ܣ  =  (52) (ଶ)ܦܫܧ	

Alternatively we can replace ܦ(ଶ) by ܦଶ,  where ܦ  is given by the equation  ܦ  (ଵ)ܦ = 
and obtain  

௪ෝೕܥܣ  =  ெ෡ೕ (53)ܥ		

where 

ܣ  =   (54)	ଶܦܫܧ

Equation (51) and (53) represents the scaling function discretization of equation (44) 

2.2. Representation with respect to Wavelets: Taking equation (53) as a point of 
departure and using the relations݀௪ෝೕ = ௪ෝೕ   and݀ெ෡ೕܥܹ =  ெ෡ೕ , we getܥܹ

௪ෝೕ்ܹ݀ܣ  =  ெ෡ೕ (55)ܥ்ܹ		

Let us consider  ܣም = ምܣ then ,்ܹܣܹ = ்ܹ((ଶ)ܦܫܧ)ܹ ⇒ ෙ	ܣ =  ෱(ଶ) (56)ܦܫܧ

where ܦ෱ (ଶ) is defined as in following equation ܦ(ଶ) =  .்ܹ(ଶ)ܦܹ

Then from equation (55), we get 

௪ෝೕ்ܹ݀ܣܹ  = ெ෡ೕܥ்ܹܹ	 	⇒ ም݀௪ෝೕܣ = 	  ெ෡ೕ (57)ܥ

This is the wavelet discretization of equation (44). 
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2.3. Representation in terms of Wavelet packets: Taking equation (51) as a point of 
departure and using the relations݀௪ෝೕ = 	߱௡ܥ௪ೕ and݀ெ෡ೕ = ߱௡ܥெ෡ೕ , we get 

௡்݀௪ෝೕ߱ܣ  = ߱௡்݀ெ෡ೕ (58) 

Let us define  ܣ∗ = 	 	߱௡߱ܣ௡், then 

∗ܣ  = 	 	߱௡൫ܦܫܧ(ଶ)൯߱௡்    or   ܣ∗ =  (59) (ଶ)∗ܦܫܧ	

where ܦ∗(ଶ) is defined as in following equation ܦ∗(ଶ) = ߱௡ܦ(ଶ)߱௡். 

Then from equation (58), we get 

 	߱௡߱ܣ௡்݀௪ෝೕ = 	 	߱௡߱௡்݀ெ෡ೕ 	⇒ ௪ෝೕ݀∗ܣ = 		 ݀ெ෡ೕ (60) 

This is the wavelet packet discretization of equation (42). 

Also, the equation (41) can be written as  

 
(ݔ)′′′ෝ௝ݓ	ܫܧ− = ෠ܸ௝ (ݔ)
(ݔ)௝ݓ = 	 ݔ)௝ݓ + 1)

ቋ  ℝ (61)		߳	ݔ	

where  ߳ܫܧ	ℝ and ෠ܸ௝(ݔ) = 	 ෠ܸ௝(ݔ + 1). 

2.4. Representation in terms of scaling functions: The discretization of equation (61) 
by ݓෝ௝(ݔ) replaced by the approximation 

(ݔ)ෝ௝௃ݓ  	= 	∑ ൜ቀܥ௪ෝೕቁ௃௞
෤߮௃௞(ݔ)ൠଶ಻ି	ଵ

௞ୀ଴ , 	߳ܬ ௢ܰ (62) 

we find that 

(ݔ)′′′ෝ௝௃ݓ  = 	∑ ൜ቀܥ௪ෝೕ
(ଷ)ቁ

௃௞
෤߮௃௞(ݔ)ൠଶ಻ି	ଵ

௞ୀ଴ 	 (63) 

where ቀܥ௪ෝೕ
(ଷ)ቁ

௃௞
 are defined by 

ቀܥ௪ෝೕ
(ଷ)ቁ

௃௞
= ቂܦ(ଷ)ܥ௪ෝೕቃ௃௞

= ∑ ௃(௡ା௞)ଶ಻2௃ௗ஽ିଶ[௪ෝೕܥ]
௡ୀଶି஽ Γ௡ௗ, ݇ = 	0, 1, 2, … , 2௃ − 1 (64) 

We can determine coefficients ቂܥ௪ෝೕቃ௃௞
 as in equation (47). Multiplying equation (61) by 

෤߮௃௞(ݔ) and integrating over the limit [0,1], we get 

නܫܧ− (ݔ)′′′ෝ௝௃ݓ
ଵ

଴
෤߮௃௞(ݔ)݀ݔ = 		න ෠ܸ௝ (ݔ)

ଵ

଴
෤߮௃௞(ݔ)݀ݔ		 

Using equations (62), (63) and orthogonality of periodized scaling functions, we get  

ܫܧ−  ቀܥ௪ෝೕ
(ଷ)ቁ

௃௞	
= 	 ቀܥ௏෡ೕ ቁ

௃௞	
ܭ				 = 0, 1, 2, 3 … , 2௃ − 1 (65) 
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where  

௃௄[௏෡ೕܥ]  = 	 ∫ ෠ܸ௝ ଵ(ݔ)
଴ ෤߮௃௞(ݔ)݀(66) ݔ 

In vector notation this becomes 

௪ෝೕܥܫܧ− 
(ଷ) 		= ௏෡ೕܥ		   (67) 

we get the linear system of equations 

௪ෝೕܥܩ  = ௏෡ೕܥ		  (68) 

where 

ܩ  =  (69) (ଷ)ܦܫܧ−

Alternatively we can replace ܦ(ଷ) by ܦଷ, where ܦ  is given by the equation  ܦ = 	  (ଵ)ܦ
and obtain 

௪ෝೕܥܩ  = ௏෡ೕܥ		  (70) 

where 

ܩ  =   (71)	ଷܦܫܧ−

Equations (66), (70) represent the scaling function discretization of equation (61). 

2.5. Representation in terms of Wavelets: Taking equation (66) as a point of departure 
and using the relations ݀௪ෝೕ = ܹ ௪ෝೕ   and ݀௏෡ೕܥ = ܹ ௏෡ೕܥ  , we get 

௪ෝೕ்ܹ݀ܩ  = 		்ܹ݀௏෡ೕ  (72) 

Let us consider  ܩ෰ =  then  ,்ܹܩܹ

෰ܩ  = ෰ܩ or்ܹ((ଷ)ܦܫܧ−)ܹ =  ෱(ଷ) (73)ܦܫܧ−

Where ܦ෱(ଷ) is defined as in following equation ܦ෱(ଷ) =  .்ܹ(ଷ)ܦܹ

Then from equation (72), we get 

ෝ௝ݓ்ܹ݀ܩܹ  = 	்ܹܹ݀௏෡ೕ ⇒ ෰݀௪ෝೕܩ = 	 ݀௏෡ೕ (74) 

This is the wavelet discretization of equation (61). 

2.6. Representation with respect to Wavelet packets: Taking equation (68) as a point 
of departure and using the relation ݀௪ෝೕ = 	߱௡ܥ௪ෝೕ and ݀௏෡ೕ = 	߱௡ܥ௏෡ೕ  , we get 

௡்݀௪ෝೕ߱ܩ  = ߱௡்݀௏෡ೕ (75) 

Let us define   ܩ∗ = 	 	߱௡߱ܩ௡், then 

∗ܩ  = 	 	߱௡൫−ܦܫܧ(ଷ)൯߱௡்or ܩ∗ =  (76) (ଷ)∗ܦܫܧ−	
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Where ܦ∗(ଷ) is defined as in following equation ܦ∗(ଷ) = ߱௡ܦ(ଷ)߱௡். 

Then from equation (75), we get 

 ߱௡߱ܩ௡்݀௪ෝೕ = 					 	߱௡߱௡்݀௏෡ೕ 		⇒ ௪ෝೕ݀∗ܩ = 		 ݀௏෡ೕ  (77) 

This is the wavelet packet discretization of equation (61). 

3. Frequency Domain Analysis 
We have investigated non-periodic wavelet spectral finite elements (WSFE) formulation 
in context of time domain analysis of wave propagation. There the boundaries are dealt 
with wavelet extrapolation technique. Apart from such non-periodic formulation, WSFE 
can also be formulated assuming periodicity of the solution.  

Though the Latter Method is not capable of accurately simulating the time domain wave 
response it helps in deriving the frequency domain wave properties. In thecurrent 
approach function ݔ)ݑ,  has been taken periodic in time. Considering the(ݐ
discretized	ݔ)ݑ, ߬)  to be periodic with time period ݐ௙ in the equation 

	ܣܧ 
ௗమ௨ೕ
ௗ௫మ

= 	 ∑௝ାேିଶ௞ୀ௝ିேାଶ ቀ ఎ஺
∆௧

௝ି௞ଵߗ + ఘ஺
∆௧మ

௝ି௞ଶߗ ቁ ௞ݑ , ݆ = 	0, 1, 2, … ,݊ − 1 (78) 

The unknown coefficient ݑ௝ on L.H.S. are taken as  

 

ଵିݑ = 	 ௡ିଵݑ
ଶିݑ = 	 ௡ିଶݑ

… … … …

ேାଶିݑ = 	 ⎭௡ିேାଶݑ
⎪
⎬

⎪
⎫

 (79) 

Similarly the unknown coefficient on R.H.S. i.e. ݑ௡ , ݑ௡ାଵ, …  , ଴ݑ  ௡ାேିଶ are equal toݑ,
,ଵݑ …  ேିଶ respectively. Under these assumptions equation (78) reduce in the following form	ݑ,

 ቄ
ௗమ௨ೕ
ௗ௫మ

ቅ = 		 ቀఎ஺
ா஺
		∆ଵ + ఘ஺

ா஺
∆ଶ ቁ {௝ݑ}  (80) 

Where 	∆ଵ  and ∆ଶ  are n× ݊ circulant connection coefficient matrices and have the form 

 	∆ଵ = 	 ଵ
∆௧

⎣
⎢
⎢
⎢
⎢
⎡ ଴ߗ

ଵ ଵଵିߗ ேାଶଵିߗ…

ଵଵߗ ଴ଵߗ ேାଷଵିߗ…

… … … …

ேିଶଵߗ… … ଵଵߗ

… 0							 … ଶଵߗ
… …				 … …

…		 …								 … …				
ଵଵିߗ ଶଵିߗ … 0

… …			 … …
ଵ	ேିଷߗ… … ⎦଴ଵߗ

⎥
⎥
⎥
⎥
⎤

 

∆ଶ for second order derivative has a similar form for a circulant matrix ∆ଵ the eigen 
values ߙ௝ are  

௝ߙ  	= 	∑ேିଶ௞ୀିேାଶ ൫ߗ௞ଵ݁ିଶగ௜௝௞ ௡⁄ ൯ 			݆ = 0, 1, 2, 3, … ,݊ − 1 (81) 
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and the corresponding orthogonal Eigen vectors ݒ௝ ,  ݆ = 0, 1, 2, 3, … ,݊ − 1 are  

௞(௝ݒ)  = ଵ
√௡
݁ିଶగ௜௝௞ ௡⁄ , ݇ = 0, 1, 2, 3, … ,݊ − 1 (82) 

For 	∆ଵ ௣ଵߗ ,  ௣ଵିߗ− =   for ݌ = 0, 1, 2, 3, … ,ܰ− 2		 and  ߗ଴ଵ = 0 and we can write ߙ௜ = ௝ߣ݅  with 

௝ߣ  = 	ିଶ
∆௧
∑ேିଶ
௞ୀଵ ௞ଵߗ 	ܵ݅݊ ቀ

ଶగ௞௝
௡
ቁ , ݆ = 0, 1, 2, 3, … ,݊ − 1 (83) 

Again here, through the second order connection coefficient matrix ∆ଶ can be evaluated 
independently, they can also be written as  

 ∆ଶ= 	 [∆ଵ]ଶ (84) 

Thus equation (3.3) can be written as  

 ቄ
ௗమ௨ೕ
ௗ௫మ

ቅ = 		 ቀఎ஺
ா஺
		∆ଵ + ఘ஺

ா஺
[∆ଵ]ଶቁ {௝ݑ}  (85) 

We have already discussed the spectral element formulation includingeigenvalues 
analysis. It is used to diagonalize the matrix in equation (80) and decouple the ODEs. The 
eigenvaluesߙ௝ and eigenvectors (ݒ௝)௞can be analytically determined for the periodic 
boundary conditions which optimize the computational cost. Thus the diagonalized form 
of equation (85) is 

 ቄ
ௗమ௨ෝೕ
ௗ௫మ

ቅ = 		 ቀఎ஺
ா஺
௝ߣ + ఘ஺

ா஺
௝ଶቁߣ ൛ݑො௝ൟ , ݆ = 0, 1, 2, 3, … ,݊ − 1 (86) 

where 

ො௝ݑ  = 	 ߮ିଵ  ௝ (87)ݑ	

Here 	߮ being the eigenvector matrix, Neglecting damping equation (86) can be written as  

 
ௗమ௨ෝೕ
ௗ௫మ

= 		−	ఘ஺
ா஺
௝ߣ
ଶݑො௝ , ݆ = 0, 1, 2, 3, … ,݊ − 1 (88) 

The matrix equation 

⎩
⎪
⎨

⎪
⎧
଴ݑ
ଵݑ
ଶݑ

… . .
⎭௡ିଵݑ

⎪
⎬

⎪
⎫

=

⎣
⎢
⎢
⎢
⎢
⎢
⎡

0																	0														0											߮ேିଶ 																		… … …߮ଶ		߮ଵ
߮ଵ															0														0														0																						… … …߮ଷ		߮ଶ

߮ଶ߮ଵ												0														0																					… … … .߮ସ		߮ଷ
…													 …								 …													…																		 … … … …		 …

߮ேିଶ߮ேିଷ߮ேିସ 						…																					… … … 0									0
…													 …								 …													…																		 … … … …		 …
0																	0															0												߮ேିଷ 																… … … 	߮ଵ						0⎦

⎥
⎥
⎥
⎥
⎥
⎤

⎩
⎪
⎨

⎪
⎧
଴ݑ
ଵݑ
ଶݑ
…

⎭௡ିଵݑ
⎪
⎬

⎪
⎫

 (89) 

where ݑ௝ 	,߮௝are the values of ݔ)ݑ, ߬) and ߮(߬)ܽݐ	߬ = ݆ is known as the periodic sultion 
of the wavelet transformation equation 

,ݔ)ݑ  (ݐ = ,ݔ)ݑ	 ߬) = 	∑ ߬)߮(ݔ)௞ݑ − ݇)௞ ݇߳	ܼ (90) 
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For such circulant matrix the equation (89) can be replaced by following convolution 
relation  

 ൛ ෡ܷ௝ൟ = ൛ܭ෡ ௝߮  ො௝ൟ (91)ݑ,

Where { ෡ܷ௝}	, ෡ܭrespectively. ൛ {௝ݑ	}		݀݊ܽ	are FFT of {ܷ௝} {ො௝ݑ	} ௝߮ൟ is fast Fourier 
Transform (FFT) of {	߮ܭ } = {0, 			߮ଵ,			߮ଶ, … ,߮ேିଶ , … ,0},which is the first column of 
the scaling function matrix given by equation (89). Similarly in equation (85) the matrix 
∆ଵ is also a circulant matrix and thus it can be written as (neglecting the damping). 

 ቄ
ௗమ௨ෝೕ
ௗ௫మ

ቅ = 		 ఘ஺
ா஺
൛ܭ෡ఆ௝

ଶ ො௝ൟݑ,  (92) 

where ൛ܭ෡ఆ௝ൟ are the FFT of 	ܭఆ	 = ଵଵିߗ,	଴ଵߗ} ேାଶଵିߗ			, , … ேିଶଵ	ߗ, , …  ଵଵ}, which is the firstߗ,
column of the connection coefficient matrix ∆ଵ substituting equation (91) in equation 
(92), we get 

 ቊ ௗమ

ௗ௫మ
ቆ ௎෡ೕ
௄෡കೕ

ቇቋ = 		ఘ஺
ா஺
ቊܭ෡ఆ௝ଶ ,ቆ

௎෡ೕ
௄෡കೕ

ቇ ቋ  (93) 

										ݎ݋ ቄ
ௗమ௎෡ೕ
ௗ௫మ

ቅ = 	ఘ஺
ா஺
൛ܭ෡ఆ௝ଶ , ෡ܷ௝ൟ  (94) 

It can be easily seen that the FFT coefficientܭ෡ఆ௝  are equal to the eigenvalues݅ߣ௝  of the 
matrix ∆ଵ given by equation (83) Thus equation (94) can be written as  

 
ௗమ௎෡ೕ
ௗ௫మ

= 	ିఘ஺
ா஺

௝ߣ
ଶ ෡ܷ௝ 	, ݆ = 0, 1, 2, 3, … ,݊ − 1 (95) 

It should be mentioned here that by relating the equation (88) and (95). It can be observed 
that the transformation given by equation (87) is similar to DFT for periodic WSFE 
formulation. 

In Fourier transform-based spectral Analysis, the transformed ODEs are given by  

 
ௗమ௎෡ೕ
ௗ௫మ

= 	ିఘ஺
ா஺

	 ௝߱
ଶ ෡ܷ௝ 	, ݆ = 0, 1, 2, 3, … ,݊ − 1 (96) 

where 

 ௝߱ = ଶగ௝
௡∆௧

(3.20)  

It is noticed that for a given sampling rate ∆ߣ ,ݐ௝  exactly matches 	 ௝߱  upto a certain 
frequency 	 ேܲ  of Nyguist frequency ௡݂௬௤ = 	 ଵ

ଶ∆௧
 and equation (96) can be discretized as.  

Now equation (96) can be written as  

 
෡ܷ௝′′(ݔ) + 	ఘ஺

ா஺
	 ௝߱

ଶ ෡ܷ௝ 	= 0
෡ܷ௝(ݔ) = 	 ෡ܷ௝(ݔ + 1)

ൡ ; 	where 	ఘ஺
ா஺
	߳	ℝ,				ݔ	߳	ℝ (97) 
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3.1. Representation in terms ofscaling functions: The discretization of equation (97) by 
෡ܷ௝  replaced by the approximation (ݔ)

 ෡ܷ௝௃(ݔ) = 	 ∑ ൜ቀܥ௨ෝೕቁ௃௞
෤߮௃௞(ݔ)ൠ 	߳ܬ					 ௢ܰ

ଶ಻ି	ଵ
௞ୀ଴  (98) 

we find 

 ෡ܷ௝௃′′ (ݔ) = 	 ∑ ൜ቀܥ௨ෝೕ
(ଶ)ቁ

௃௞
෤߮௃௞(ݔ)ൠଶ಻ି	ଵ

௞ୀ଴  (99) 

where ቀܥ௨ෝೕ
(ଶ)ቁ

௃௞
 are defined by 

ቀܥ௨ෝೕ
(ଶ)ቁ

௃௞
= 	 ቂܦ(ଶ)ܥ௨ෝೕቃ௃௞

= 	 ∑ ቂܥ௨ෝೕቃ௃(௡ା௞)ଶ಻
2௃ௗ஽ିଶ

௡ୀଶି஽ Γ௡ௗ 	, ݇ = 0, 1, 2, … , 2௃ − 1 (100) 

We can use the Galerkin Method to calculate the coefficients ቂܥ௨ෝೕቃ௃௞
. Multiplying 

equation (97) by ෤߮௃௞(ݔ)and integrating over the limit	[0, 1] we get 

න ෡ܷ௝௃′′ (ݔ)
ଵ

଴
෤߮௃௞(ݔ)݀ݔ +

	ܣߩ ௝߱
ଶ

ܣܧ
න ෡ܷ௝ (ݔ)
ଵ

଴
෤߮௃௞(ݔ)݀ݔ = 0 

Using equation (98), (99) and orthogonality of periodized scaling functions we get 

ቀܥ௨ෝೕ
(ଶ)ቁ

௃௞	

+
ఘ஺	ఠೕ

మ

ா஺
ቀܥ௨ෝೕ ቁ

௃௞	
				= 0, ݇ = 0, 1, 2, 3, … , 2௃ − 1 (101) 

In vector notation this becomes 

௨ෝೕܥ 
(ଶ) +

ఘ஺	ఠೕ
మ

ா஺
௨ෝೕܥ = 0 (102) 

We get the following linear system of equations 

௨ෝೕܥܣ  = 0 (103) 

where 

ܣ  = (ଶ)ܦ	 + 	
ఘ஺	ఠೕ

మ

ா஺
 (104) ܫ

Alternatively we can replace ܦ(ଶ) by ܦଶ Where ܦ  is given by the equation  ܦ(ଵ) = 	ܦ 
and obtain 

௨ෝೕܥܣ  = 0  (105) 

where 

ܣ  = ଶܦ +	
ఘ஺	ఠೕ

మ

ா஺
 (106) ܫ
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Equations (101), (103) represent the scaling function discretization of equation (95). 

3.2. Representation in terms of Wavelets: Taking equation (101) as a point of departure 
and using the relation݀௨ෝೕ = ௨ෝೕܥܹ , we get 

௨ෝೕ்ܹ݀ܣ  = 0	 (107) 

Let us define  ܣም =  then ,்ܹܣܹ

ምܣ  = (ଶ)ܦ	)ܹ + 	
ఘ஺	ఠೕ

మ

ா஺
ምܣ									ݎ݋		்ܹ(		ܫ = 	 ෱(ଶ)ܦ + 	

ఘ஺	ఠೕ
మ

ா஺
I (108) 

where ܦ෱ (ଶ) is defined as infollowing equation ܦ෱(ଶ) =  .்ܹ(ଶ)ܦܹ

Then from equation (107), we get 

௨ෝೕ்ܹ݀ܣܹ  = 		0						 ⇒ ም݀௨ෝೕܣ	 = 	0 (109) 

This is the wavelet discretization of equation (97). 

3.3. Representation in terms of Wavelet packets: Taking equation (103) as a point of 
departure and using the relation ݀௨ෝೕ = 	߱௡ܥ௨ෝೕ , we get 

௡்݀௨ෝೕ߱ܣ  = 	0 (110) 

Let us define  ܣ∗ = 	 	߱௡߱ܣ௡் , then 

∗ܣ  = 	߱௡ (ଶ)ܦ)	 + 	
ఘ஺	ఠೕ

మ

ா஺
௡்߱(		ܫ ∗ܣ							ݎ݋		 = 	 (ଶ)∗ܦ + 	

ఘ஺	ఠೕ
మ

ா஺
I (111) 

where ܦ∗(ଶ) is defined as in following equation ܦ∗(ଶ) = ߱௡ܦ(ଶ)߱௡். 

Then from equation (3.34) we get 

 ߱௡߱ܣ௡்݀௨ෝೕ = 	0			 ⇒ ௨ෝೕ݀∗ܣ = 0 (112) 

The wavelet packet discretization of equation (97) is given by (112). 
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