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Abstract: In this paper, we introduce and investigate two new subclasses of the
function class 2. of bi-univalent function defined in the open unit disk which are
associated with the quasi-subordination. We find estimates on the Taylor-
Maclaurin coefficient |a,] and |as| for functions in these subclasses. Several
known and new consequences of these results are also pointed out.

Key words: Bi-univalent functions, quasi-subordination, coefficient estimates.
2010 Mathematics Subject Classification: 30C45.

1. Introduction

Let A denote the class of analytic functions in the unit disk U= {z €C | |z| < 1} that have
the form

=2+ az" (1)
n=2

and let S be the class of all functions from A which are univalent in U.
The Koebeone quarter theorem [5] states that the image of U under every function f from

S contains a disk of radius Y4. Thus such univalent function has an inverse f_l which
satisfies

£ (f(2) =z (z eV)
and FE w)=w (1wl <15 (7)o (7) 2 ¥4)
In fact, the inverse function f 1 is given by
fHw) = w—a,W? + (283 —ag) W¥ — (583 —5ayas +a) W'+ ... =g (W) (2)
A function feA is said to be bi-univalent in U if both f and f * are univalent in U.

Let > denotes the class of bi-univalent functions defined in the unit disk U.
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Robertson [12] introduced the concept of quasi-subordination which is generalization of
subordination and majorization. For two analytic functions f and h, the function f is quasi
subordination to h written as

f(z) <qh(2) (z €eV) (3)

If there exist analytic functions ¢ and o, with |#(z)| < 1,(0) = 0 and |o(z)| < 1 such that f
(2) = H2)h(w(z2)). Observe that if #(z) = 1, then f(z) = h(w(z2)), so that

f(z) h(z) in U. also if o(z) = z, then f(z) = #z)h(z) and it is said that f(z) is majorized by
h(z) and written as f(z) << h(z) in U.

In 1967, Lewin [7] investigated the class 2. of bi-univalent functions and obtained the
bound for the second coefficient|a,|. Brannan and Taha [3] considered certain subclasses
of bi-univalent functions similar to the familiar subclasses of univalent functions
consisting of starlike, strongly starlike and convex functions. They introduced the bi-
starlike function, bi-convex function classes and obtained non sharp estimates on the first
two Taylor-Maclaurin coefficients |a,| and |a).

Recently Ali et al. [1], Deniz [4], Tang et al. [14], Peng et al.[9], Ramchandran et al.
[11], Peng et al. [8] etc. have introduced and investigated Ma-Minda type subclasses of
bi-univalent functions class >..

Motivated by the work of Goyal [6] we define subclasses of 2. by means of quasi-
subordination.

Throughout this paper it is assumed that h is analytic in U with h(0) = 1 and let
K2) = Ao+ Az + Ay + ... (|(2)| < 1, 2 V) (4)
h(z)=1+B,z+B,z2*+..B,e R (5)

Definition 1.1.Fora> 1 and y> 0 a function fe . is said to be in class

M qz (1, a, v ;h ) if the following quasi-subordination holds :

1{(1—(1)@+ocf'(z) +vyzf (2) —1} =<, (@ -1
T

and

1 W : Y

;{(ka)%mg (W) +ywg (w)—1}<q (h(w)-1) ©
Definition 1.2. A function feX is said to be in class Nx(n, h) if the following quasi-
subordination holds:
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F@_ _
Fo) 1<q (h(2 -1)
and
WG (W) _
&) 1<q (h(w) -1) (7)

where F(z) and G(w) are as follows:

1 _1—ﬂ+ n
F(z)  f(2) zf'(2)

and
1 _ 1—n T (me C)
Glw) glw) wg'(w)

The above classes of functions defined in terms of the quasi-subordination are associated
with the classes of functions with positive real parts.

In the present paper, the coefficient bounds of |a,| and |as| for function in the class
M qz (t, a, v ;h) and Ns(n, h) are obtained.

In order to derive our main results, we have to recall here the following Lemma.

Lemma 1. [10] Let peP the family of all functions p analytic in U for which

R{p(2)}> 0 and have the form p(z) = 1 + p,z +p,z° + ... for z €U, then |p,| < 2, for each n.
2. Main Results

Theorem 2.1.1f f e qu (t, o, v ;h), then

[tllAq|B1VB,
laz| <
V(1 + 20+ 6Y)ABE + (1 + o+ 2y)4(B, - B, )| (8)
and
[xB1 (1 + 20+ 6y) [tl|AclBy
lag| < Al + A |1+ )

(1 + 20 + 6Y) (1+ o + 2y)?



318 Prem Pratap Vyas and Shashi Kant

Proof. Sincef e qu (t,o,y;h)and g = f 1 Then there exists two analytic functions

r, s : U-U with r(0) = 0 = 5(0), |r(z)| < 1 and |s(z)| < 1 and a function ¢ in U defined by
(4) satisfying.

{(1— )@ | of () 4122 —1}=¢(z) (h(r) -D) (10)
and
%{(1—a)$+ag'<w)+ym"(w>—1}=¢(w>(h(r(w» ) @

Defined the function p and q by

1
p(2) :%:1+clz+czzz+... (12)
1
4@ = ;:8 ~1+dz+d 22 +.. (13)
or equivalently
2
1 1 C
rz) = 28425 clz+[c2 —?1}22 +} (14)
11 d?
5(2) = ggﬂ -2 d1z+[d2—71]z2+..} (15)

It is clear that p and g are analytic in U and p(0) = 1 = g(0). Also p and g have positive
real part in U, and hence by Lemma 1, we have |cj| < 2 and |d;| < 2.

In the view of (10), (11), (14) and (15), clearly

{(1— )f( ) v af () 4421 (2) —1} =¢(z)(h(p(z) _1j—1j (16)
p(2) +1

and

1{(1— ) I g (w) + g (w) - 1} ¢(w)£h(Mj—1jm)
T p(w)+1
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Since f € T has the Maclaurin series given by (1), and g = £ has the expansion given
by (2), hence we have

S |
T -0z +of(@)+y2f"@) -1

1
=T {(l+a+2y)az+(1+2a+6y)azz’+..} (18)
and
1 gw)
T |[(1-0) w +ag'(w)+ywg"(w)-1
1
= T {-(1+0+2y)aw+ (1+20+6y) (283 - agw? + ... }. (19)

Using (12) and (13) together with (4) and (5), it is evident that

_ c?) AB.?
¢(Z)[h[p(z) 1j—lj:1A B.cz+ ;AlBlcﬁlA B [02_1 +-0 2120 (0

n(2) +1 2 01t 2 01 2 4
and
w) -1 1 1 1 d’) A,B,d:
¢(W)£h[3§wi+lj—1j=EAoBld1w+{EAlBldl +EAOBl[d2 —?IJ-I-%}WZ +.. (21)

Now using (18) and (20) in (16) and comparing the coefficient of z and z%, we get

(1+a+2y)a 1

< 2 :EAOBOCI (22)
2
(1+2a+6y) 1 1 ¢, | AB, ,
fas_EAlBlclJrEAoBl cz—? +Tcl (23)

Similarly it follows from (17), (19) and (21) that

—(1+a+2y) 1
faz _EAOBldl (24)

2
(1+20+6Y) . > 1 1 d | AB, ,
f(Zaz-aS)_EAlsldﬁEAOBl dz—? +Td1 (25)
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From (22) and (24), it follows that
C1=-d (26)
and (23), (25) and (26), yields

2 52R3
.2 T AoBl(C2+d2)

27 A1+ 20.+6y)A BY —(1+a.+2y)*(B, -B))]

(27)

Thus the desired estimate on |a,| as asserted in (8), follows by Lemma 1.
Now further computation (22) to (26) leads to

T (Al Blcl A0 Bl

(c,—d,)+

a, = +
P (+2a+6y)| 2 4 4l+a+2y)? 0L

1+ 20+ 6
©(1+ 20 +6y) Aszczj 28)
We readily get the estimate given in (9) by applying Lemma 1.
Remarks 2.2.

Q) Putting oo = 1 in Theorem 2.1, we obtain the corresponding result given
by Goyal et al. [6].

(i) Putting oo = 1 and ¢(z) = 1 in Theorem 2.1, we obtain the corresponding
result given by Deniz [4].

(iii) Putting oo = A - 2y and #z) = 1 in Theorem 2.1, we obtain the
corresponding result given by Ramachandran et al. [11].

(iv) Puttingt = 1, y = 0 and #z) = 1 in Theorem 2.1, we obtain the
corresponding result given earlier by Ali et al. [1].

p
1+2
(V) Puttingt=1,y=0and #2z) = (1—j in Theorem 2.1, we obtain the

corresponding result given earlier by Srivastava and Bansal [13].
For o =1 and y = 0, the above Theorem 2.1 reduces to
Corollary 2.3. If

LF @-D=, (hd-1)
T

and

Lew) -1 <, (h(w) -,
T
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then
|T||A0|Bl\/51

laz| <

V[3tABT + 4B, - B))|

«JT|Bl Al+|A_||1 3 A |B
la |< 3 |Al+]|A, ] +Z|rH 0By

Theorem 2.4.1f fe N5 (n, h), then
|Aq|B1 VB,
laz] < (29)

and

V@ +M)ABL +(1+n)4B, - By

B A
a | [ M |[1 + 820 lBB )
a+2m| 2 2" (1+1)?

Proof. Since feNs (n, h) and g = f*. Then there exists two analytic functions

r, s : U-U with r(0) = 0 = 5(0), |r(z)| < 1 and |s(z)| < 1 and a function ¢ in U defined by
(4) satisfying

ZF (2)

and

) 1= HE00@) - @
and
Wg( (;V) 1= p(w)(h(s(w)) ~1). @2)

where r(z), s(z) are defined by (14) and (15) respectively.
Under the same restrictions for p(z), q(z), ¢; and d; as mentioned in the Theorem 2.1, we

have
F(2) p(2) -1
TR )[ (p( )+1D ' &
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and
M_lz(b(w) h aw) -1 1 (34)
G(w) q(w) +1
Since
F@ ezt 2m et (7 -4n-1) @2+ (35)
F(2)
and
wG' (w)

—1=-(L+n)aw+{-21+2n)as+ (M2 +4n+3) AT W’ +..  (36)
G(w)

The right-hand sides of (33) and (34) are given by (20) and (21), respectively.

Now using (20) and (35) in (33) and comparing the coefficients of z and z%, we get

1
(1+m)a=2ABic; (37)
1 1 ci AgB; .

2 (L+21) a5+ (- 41 - 1) BE=2 ABici+ ZABy(C,- 2 )+ & 3 (38)

Similarly it follows from (21), (34) and (36) that
1
-(1+m)a;=2A¢B1d; (39)
, 1 L di  AdBs 4,

2(1+2n) az+ (M*+4n+3)8z= 2A;B,di+ 2AB(d,- 2 )+ 4 1 (40)
From (37) and (39), it follows that

. =-d; (41)
and, (38), (40) and (41), yields

e lh (c2 +dy)
ai = (42)

4[(1+n)ABE — (L +1)"(B, - By)]
Thus the desired estimate on |a,| as asserted in (29) follows using the Lemma 1 that
|col <2 and |dy < 2.

Now further computation (37) to (41) leads to
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A B.c

a_* i, la g (c, —d )+1@ A2B2c? (43)
(1+2n) 4 g 012 22 4 A+m) ) % 22

We readily get the estimate given in (30) by applying Lemma 1.

Remark 2.5. Putting ¢(z) = 1 in Theorem 2.4, we obtain the corresponding result given
by Deniz [4].

Forn = 0, the above Theorem 2.4 reduces to
Corollary 2.6.1f

7@ (2
2 1< (h(» -1)
and
wg'(w)
W) —1-<q (h(2)-1)
then
|A|B1VB;
lag| <
V]APBT + (B, - By)|
and

|2, |<BC':‘ 1A, I( |A0|BJJ

For n = 1, the above theorem 2.4 reduces to
Corollary 2.7. If

4@ 1 ho-1

) < (h(@-1)
and

wg''(w) B

—g'(w) 1<q (n(w)-1),

then
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|Ao|B1VB,

laz| <

v 2ABT +4(B, - B,)|
and

B, (IA,l 1 3
|a3|£?1(71+|A0|(§+Z|A0|BJ
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