Journal of Rajasthan Academy of Physical Sciences
ISSN : 0972-6306; URL : http://raops.org.in
Vol.15, No.4, December, 2016, 291-297

COEFFICIENT INEQUALITIES FOR CLASSES OF
g-STARLIKE AND g-CONVEX FUNCTIONS USING
g-DERIVATIVE

P. Nandini* and S. Latha**

* Department of Mathematics, JSS College of Arts, Commerce & Science,

BN Road, Mysore-570025, INDIA

**Department of Mathematics, Yuvaraja’s College, University of Mysore,

Mysore-570 00, INDIA
Email: *pnandinimaths@gmail.com, **drlatha@gmail.com

Abstract: In view of classes for uniformly starlike and convex functions in the
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1. Introduction

Quantum calculus or g-calculus began with Frank Hilton Jackson in the early 20"
century, but this kind of calculus had already been worked out by Euler and Jacobi.
Recently it aroused interest due to high demand of mathematics that models quantum
computing g-calculus, which appeared as a connection between mathematics and physics.
It has a lot of applications in different mathematical areas such as number theory,
combinatorics, orthogonal polynomials, basic hyper geometric functions, quantum

theory, mechanics and the theory of relativity.
The g-analogue of derivative of f(z) [5] is given by

f(qz)—f(z)
z(q-1) '’

Let A denote the class of functions f(z) of the form
f@)=z+YXi,a,2"
which are analytic in the open unitdiscU ={z€ C: |z| < 1}.

9,f(z) = (z+0,0<qg<1)

Let S,"(B) denote the subclass of A consisting of functions f (z) which satisfy
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For some g (0 < <1). A function f(z) € S,(B) is said to be g-starlike of order
BinU.

Let K, (B) be the subclass of A. A function f(z) € K, () is said to be g- convex of order
B if it satisfies

04(204/(2)
Re{adﬂ }>ﬁ,zeU. @)

Forsome f (0 < <1).

Note that as g — 1 the classes S;(8) and K, () reduce to the classes S*(8) and K(8)
respectively.

We introduce the class SD, (a, B ) as the subclass of A consisting of all functions f(z)
satisfying

z04f(2) z04f (2) _
Re{ [15) }>“ @)

forsomea=0and S (0 <L < 1).

We also introduce the class KD,(a,B) as the subclass of A consisting of all
functions f(z) which obeying the condition

8,(z0 f(z))} 8,(z0,f ()
R q q q q -1
e{ G R G

for some « > 0 and g (0 < f < 1).Then we note that f(z) € KD,(a,B) © 20,f(2) €
SD,(a,p)

As g — 1 we get the classes SD (a, ) and KD (a, ) introduced by Owa and Polatoglu [3].
Now we prove coefficient inequalities for functions in these classes.

2. Main Results

q+ﬂ,zEU (5)

|+ﬂ, zeU (6)

Theorem 2.1. If f(z) € SD,(a,f) With0 < a < B or a > #then f2) €S, (ﬁ;“)

1-a

Proof : Since Re(w) < |w/| for any complex number w, f(z) € SD, («, B) implies that

Zaqf(z) zaqf(z) _
R47ET}>a—R;— Q+ﬁ (7)
or that

z04f(2) ,B;a
Re{—f(z) }>1_a ,Z€EU. (8
If 0 < a < B, then we have that

—a
0< f <1, zeU
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and if a > #,then we have

R

=

<0.
a—1"

Corollary 2.2 : As g — 1 in the above Theorem we get the Theorem 2.1 in [3] which
states that

-1<

|ff(Z)ESD(CZ,B)Wlth0<a<ﬁora>_ﬁthenf(z)E S* (/i g)

Corollary 2.3 : If f(z) € KDy(a,f)With 0 <a <f ora > ,then f(z) €
L—a
K ()
Corollary 2.4 : As g — 1 in the above corollary we get the Corollary 2.2 in [3] which
reads as

|fﬂ@exumﬁnmhOSasﬁma>%ﬁ¢mnﬂ@eK@§)
Theorem 2.5 : If f(z) € SD,(a, ) then

2(1-8)
lay| < (@, —1) =l 9)
and

2(1-B) 2(1-8)
lay | < ([nlg—1)1-al [1 + []+1]q—1)|1—a|] ,(n23) (10)

Proof : Note that, for f(z) € SD,(a,B),
d —
}wfqﬂ@}>ﬁ |
f(2) 1-a
If we define the function p(z) by

(z€eU)

zaqf(z)
f(z)
1-8

then p(z) is analytic in U with Re{p(2)} > 0, (z € U).

(1-a)

-(B-a)

p(z) = , (zeU) (11)

Letting (z2) =1+ pyz+pz°>+. ... ,we have
20,f(2) = f@) (1+ T2 51 puz") (12)
Therefore, equation (12) implies that
1_
( [n]g — 1)a, = ﬁ (Pp—1 + app—z + a3py_3t+. . .+ a,_1p1). (13)

Applying the coefficient estimates such that |p,| <2 (n > 1) [1] for Caratheodary
functions, we obtain that
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2(1-p)

|an|3m[1+|az|+|a3|+------+|an—1|]- (14)

Therefore, forn = 2,

0| < 2(1-B)
421 = (121, - 1) 11 —a
which proves (9), and forn = 3,
las| < 2(1-B) 2(1-B)
(Bl - DIl —al (R, -DI1—alf

Thus (10) holds true forn = 3.
Suppose that (10) is true forn = 3,4,5, ..., k, we see that

|41l

21-p4) 20-p) < 21-p4) )1
(121, —DI1—al (131, —1)|1—a| (121, = 1)I1 —al

2(1-p) 2(1-4) #
ot k]q—l)ll—aln( []+1]q—1)|1—a|) J

k-1
_ 2(1-p) 2(1-P)
([k+1 —1)|1—a|D<1 ([ +11, —1)|1—a|>

Consequently , using mathematical induction, we have proved that (10) holds true for
all n>3.

2(1-p)
" ([k+1], - 1)1 —al

o __A_ﬁ
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+

Corollary 2.6 : As g — 1 in the above theorem we obtain the Theorem 2.3 in [3] which
states that

If f(z) € SD(a,p), then

and

2(1-§) ”“0 24Py,

Y TN TR - > 3).
=D -all [\ 751l

lan| <

Corollary 2.7 : Putting @ = 0 in the Corollary 2.6, we get

(=20 —2pB)

<-_JZeT 7
lanl <=0y

(n=2).
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which was given by Robertson [2] .
Since f(z) € KDy(a,B ) © zD,f(2) € SD,(a,B), we have
Corollary 2.8. If f(z) € KDy(a, B), then

2(1-p)

] < @, D=l
and
n—-2
2(1-R) < 21-8) )
lanl < [n],([n], — 1)1 - alg 1+ (i + 11, — 1)1 -« (n=3).

Corollary 2.9 : As g — 1 in the above Corollary ,we obtain Corollary 2.5 in [3] which
reads as

If f(z) € KD(a,p), then

1-p
|1 —«al

laz| <

and

20-5) T (142028

(=Dl -all | j|1—a|)'(n23)'

jan] <~

Corollary 2.10 : Putting @ = 0 in Corollary 2.9 , we see that
=20 —2B)
|

o] < ==

(n=2).

a result by Robertson [2].
Theorem 2.11: If f(z) € SD,(a, B), then

_ 2(1 _B) 2
max {0, |z| ([Z]q = 1)|1 —al |z

N =B T 2(1-P) i
2., -mi=ai || (G, =) }

j=1
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20-8) .,
<|z| + (@, Dl —a || 2
> 2(1-p) n_< 2(1-B) ) )
+;([n]q—1)|1—a|g 1+([]'+1]q—1)|1—a| 1zl
and

2[2];(1 = B)
max{O,l—( —1)|1—a| |z|

- ' 2l (1) T 21-8) n—1
Z([n]q—l)ll—a|]1__[<1+([]+1 _1)|1_a|>lzl }

2[2],(1 = B)
< 1+( _1)|1_a|| z|

-2
1,(1=8) T 2(1-B) et
+Z o L 2
—1)1-ald (I + 11, — 1)1 —«a
Remark 2.12: As g — 1 in the above Theorem we get the Theorem (2.7) in [3]
Corollary 2.13: If f(z) € KD, (a, B), then

2(1-4) 2
21 (2l —Dii=a] |7

o 201-p) n_z( 2(1-p) ) n}
Zn:g[n]q([n]q—l)ll—al j=1 1+([;+1]q—1)|1_a| ||
<I|fl

20-8)
[Z]q([z]q - 1)|1 - al

© n—2
2(1- ) 2(1- ) )
1 n
+,Z3[n]q([n]q—1)|1—a|ﬂ< Yo, —oi—a)”

max {O,lzl -

<|z| +

and
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21 —-pB)
max {0,1 — ([Z]q — 1)|1 ~ |z|

*® n—1

2(1-p) 2(1-p) B
_ 1 )
;([Tl]q—l)ﬂ—(ﬂ H( +([i+1]q_1)|1—a|>|2| }
S |aq(Z)|
2(1-p)

=@, —i-a”

oo n—1
2(1 - 2(1 -
+Z (1-8) 1_[(“ _ (1-8) >|z|n—1
£ ([nl; - 1)1 —a 11 (I +1l, — 1)1 —«a
Remark 2.14: As g — 1 in the corollary 2.13 we obtain the Corallay 2.8 in [3].
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