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Abstract: In this paper, we define a pair of multidimensional fractional integral
operators ~ whose  kernelinvolvegeneralized  multivariable  polynomial

Sy (X, ..., X, ) and Mittag-Leffler type E-function. First we obtain images

of useful functions, then we establish results concerning Mellin transform, Mellin
convolutions and inversion formulae for these operators.
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1. Introduction

is defined in the following manner:

iUiRiSV R
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whereU,,...,U, are arbitrary positive integers and the coefficients A(V, Rivns Rk) are
arbitrary constants(real or complex).

The Mittag-Leffler type E-function is defined by Bhatter and Faisal [1] as follows
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|:(71)q1n :|Sl ...|:(;/h )qhn Th (_l)f’” 7 an+e
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where
Z,a,p.7,6,€C; R(a)20,R(B)>0,R()>0,%(5;)>0,g,>0, )
p,20;5,>0,r,>20;a,7eR; pe{0,1} (Zq,s,<2pr +R(a ]
s ©)
h h k T
[Zqi Zpr +R(a whenH(qi)q‘s‘[a“H(pj)p“} z® <1J
for 1=12,..,h; j=12,..,Kk. y.

The Mellin-Barnes type contour integral representation of M-L type E-function [2] is
given as follows

h
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where g is a suitable contour of integration that runs from € — ico to C + ico, C € R and
intended

-l

fIN

U=

to separate the poles of the integrand at £ = —n for all n € N (to the left) from those at
{=n+1

7, +n
and at § = itlia 2,...,h; for all n € Ny, (to the right).

i
The H -function [5] is defined and represented in the following manner:
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It may be noted that ¢_5(§) contains fractional powers of some of the gamma functions.
M,N,P,Qare integers such that 1 <M < Q,0< N < P, (wj)lp, (z9j)10are positive real

numbers and (4;), . (B;) may take non-integer values, which we assume to be

M+1,0
positive for standardization purpose. (sj)l Pand(bj)l Qare complex numbers such that the
ko
points & = — , 1=1..,M; k=01,2,...; which are the poles of

]
1k
r(b,~8¢&), j=1..M; and the poimsg:gJT, j=1..N: k=0,12,..:

i
A ..
which are the singularities of {F(l—gj +a)j§)} , J=1..,N; do not coincide. The
contour L is the line from ¢ —iooto ¢ +ioo, ¢ €[] suitably intended to keep the poles of

F(bj—9j§), j=L1..,M; to the right of the path, and the singularities of
A
{F(l—gj +a)j§)} ", j=1,...,N;to the left of the path.

The following sufficient conditions for the absolute convergence of the defining integral
for H - function given by (5) have been given by Gupta et al. [5]:

\
(i) [arg(2)| <Y/2Q7 and @ >0
(ii) [arg(2)| =1/2Q7r and @ > 0 O
and (a) u = 0and the contour L is so chosen that (C,u+/1 +1) <0
(b) #=0and (1+1)<0 /
where
M N Q P
Q=39+ oA-> 9B, -> o (8)
1 1 M+1 N+1
N P M Q
= oA+ -2 9-> 9B, (©)
1 N+1 1 M+1
M Q N P 1 Q N
A= Re(ij +Y bB =D &A —Zgjj+5(—|\/| - Y B+ A +P—NJ (10)
1 M+1 1 N+1 M +1 1

It may be noted that the conditions of validity given above are more general than those
given earlier [3].
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The following series representation of the H -function was given by Rathie [6]:

HMQ (Z (8]’a)]1A)1N’(gJ’a))N+lPJ &

(0,29 )1 (01,98, )10 2 03’(St,,))zsw (11)
H T'(b, 19sw)]‘[{r(1 £+ 0,5, (-1)

where §(S, ) = 502 , S, = b”;t (12)
H{F(l b, +198w)} HF(g -5 N8, v

j=M+1 j=N+1

To the sequel, we shall also, make use of the following behavior of the H -function for
small and large value of z as recorded by Saxena [7]

Hro [Z]= [|Z| }for small z, where A = min Re[g (13)
j

1<j<M

1I<j<N

Hro [Z]= [|Z| }for large z, where V = max{Re{A 81—1JH (14)

provided that either of the following conditions are satisfied:

(i) x<0and0<|Z|<w
. (15)
(i) k=0and0<|Z|< K™
N
N Q
where (i) &= oA +Za) ZS > 9B,
Nl A N;—l o M M+1g. Q _9.B.: >
(K :1:[(5"1) | JINI(“’J) JH(‘%) 'y[l(é‘j) - (16)
4

Throughout the paper we assume that

oy of[(\t,.rf) max [} >0
f(t,..t)= j=1..5 (17)
oH(\t [ e M) min [} e

Such a class of function will be represented symbolically as f (tl, oot ) eA.

S
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We also assume that IIQ ‘f (t,...t,)

dt,...dt, <oo for every bounded s-dimensional
region ) except the origin.

2. Multidimensional Fractional Integral Operators

In the present paper we study the following fractional integral operators

L (e t) | = L ™ [ (G )5 % X ]

(e S A

J(l—)t(—"] (£18): (/638 )y f(t,....t;)dt,...dt, (18)

4
X;

x E, Zl}{ (a,ﬂ);(é},pi;ﬁ)l,k

where

(i) minRe(e;, f;,7,a,4,a) = Oandall parameters e, f,,77,a, 4,a are not zero
simultaneously ( j =1,...,5).

(iyminRe[1+ A +7,z+y; |>0, minRe[o;+4,;7]>0(j=1...5)

I (tat) | = 3050 ™ [ (feenn )X X ]

(00 g 1 e e 2 [ o 2]

h | X; ; _ﬁ & (p’a);(yi'qi;si)l,h
x_E, ZH[?} (1 t) (@ 5): (5. PiD ), f(t,...t;)dt..dt, (19

J
where

(iymin Re(ej, fj,nja,/lja) > Oandall parameters e fj,nja, ﬂja are not zero
simultaneously ( j =1,...,5).

(i) Re(W,; ) =0,minRe[ A +7,7+¢; |>Oor

Re(W,)>0,minRe[ o+ 4,7 |>0 (j=1...,5).
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3. Some Useful Images

Now we find the images of some useful functions in our operators of study

] J

w 1 S X n XUJ : ojtfRj+Aj7-9;
S I I B I v
X;F(n+1)lj1[ h.} ho [ + h-j

(1= 7,4i8) (A -0, &R, —I]jf,i]ja;l)l)s [1-0;-fR - Ar-n.4a1)

15

THeh (1)p( Za)[l Xj]’-ia ((ﬂj_o'j_Aj_Uj_(ej‘Ffj)Ri—(ﬂj+77j)‘[—n,(/1j+7]j)a;1)1vs,(0,1;1);f (20)

XM hesssike2s:2| (—=1) (= +—
h (0‘1);(1_51‘pi;ri)lvk'((/’i_Ui‘Ai‘“j‘(ej+fi)Rj‘(’ij“?j)T'(lj+’7j)a;1)1,s‘

(—Gj -Aj-y, —(ej + fj)Rj —(/11. +77j)r—n,(/lj +17j)a;1)1s,(1—/3,a;1)

provided that min Re(ej, fj,nja,/ija)zo,all parameters e, fj,nja,/ljaare not zero

simultaneously, min Re[l+ A +77jz-+uj] >0andmin Re[aj +ﬂ,jr] >0(j=1...,5).

b)
k ‘
YU R
2 V; 9 flm_:![l_‘(é‘m)J " ElRl ESRS
3Ty +t) 7 |=2 h—sRZR:O(_V)iUJRJ AV.R,..R) T
= r IRy, R= =t 1° s
1|_1H (%ﬂ

n o;+fiRj+4j7-9;
0 1 S 00 _m m
XZF(nJrl)H(Xj )[ X ] {Hx
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(1_7ilqi;si)l,h'(1_Aj 10, _ejRj _7717_(91’77@;1)1,5 '(1_01 - fiRJ _ﬂ“ir—n’ﬂia;l)m ’_
KHnsszs| (-1) (—Za)[htha (1_01 =N+ (e Ry = (44 o=, 4+, )a;l)l,s (0L1):—
0220, pj;rj)l,k’(l_o-j Ao =(&+ R = (4 4 )7 (4 +’71)a;1)1,s’

(L0 =y 4o, (e £ )Ry (4 +y Jen 2+ it (1-Bast)

(21)
provided that min Re(ej, 17,8, Aa)>0 all parameters CH fJ nja,}tjaare not zero
simultaneously, min Re[AJ. +1,7 -0, +¢)J.] >Q0and min Re[aj +/’tjr] >0(j=1..,5).
Proof: To prove (20), we express the I-operator involved in its LHS in the integral form
with the help of equation (18). Next, we express generalized multivariable polynomial
S\L,Jl’“"US (Xl,...,XS) occurring therein in the series by using (1). Then, we change the
order of the series and t; -integrals and express theMittag-Leffler type E-function in
terms of Mellin Barnes type contour integrals with the help of(4). Now change the order
of fand t, —integrals(j :1,...,8) (which is permissible under the given conditions).
Finally, evaluating the t; -integrals with the help of known result [4, p.287, Eq. 3.197(8)]
we get

K
[ s ) ) ] H[F((S‘m)}m ;UJR'Q E R E R,
l, A J

SEr—— ) (_V)inRj AV RywiR) ! ﬁ( )

s'Jl

-

goj,Aj+vj+ejRj+77jr+nja§+1
x,F ;——J d& (22)
aj+Aj+vj+(fj+ej)Rj+(/lj+nj)r+(/1j+nj)a§+1 h
where

<m, Re(oj+ A7+ f R +2a8)>0, Re(A; +nr+v, +eR; +naé+1)>0

ar %)
ghj

j :11---18
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Now reinterpreting the result thus obtained in terms of the H -function, we easily arrive
at the desired result after a little simplification.

Again the proof of result (19) is similar to that of result I.

4. Multidimensional Generalized Stieltjes Transform and Fractional Integral Operators
The multidimensional generalized Stieltjes transform of a function ¢(tl,t2,...,ts) is
defined as

S

S (¢)(9,,-.,0,) = T...T¢(t1,...,ts)11{(tj + gj)wi}dg...dts (23)

provided that the integral exists.

The following theorem gives the multidimensional generalized Stieltjes transform of the
generalized fractional operators given by (18) and (19).

Theorem 1. Let ¢(t,,1t,,...,t;) € A then

a) SW1 ..... WS(It¢)(gl""lgs):J."'J.¢(X11""Xs)';”l(xl""’Xs;gl""lgs)dxl"'dxs (24)
0 0

b) SWl,...,wS (‘]t¢)(gl""l gs) = J"'j¢(xl""’ XS)V/Z (Xl""’ Xs; gl""’ gs) dxl"'dxs (25)

where

k s
[1[r(s.)]" 2 S
" E® ES®
=77 3 (Vg AV R R) 2
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(70838 ) (LA, —e R~ -wmal) (L-o; TR ~Zr-nAal)

Ls
—1,h+3s+1 P . g, A (I—O'j—Aj—(ej+fj)Rj—(lj-H]j)‘[—n,(ﬁj+i]j)a;1)1‘s,(0,1;1);_
xHhsasitkizssa | (<1) (—Z ) 1+

01:(-9; pj;ri)lvk'(l_‘jj ~ A= (e+ £ )Ry =(4+ ;). (4 +’7J)a;1)1,s,

(l—aj A== (e + £ )R = (4475 ) 71, (4 +”i)a;1)1,s’(l_ﬂ’a;l)

(26)
providedthat minRe(e;, f;,77,a,4;a) >0, all parameters e;, f;,7,a, 1;a are not zero
simultaneously, min Re[Aj +17,7+ Wj] >0and min Re[aj +ﬂ,jr] >0(
j=1..5s).
andy, (X, X Gyyees 05 ) = I{l_[(gj +tj)w'1
j=1
k
I:F(5m )]rm Z:“U‘R’SV ER ER
:Z”“:hl—SI Z_ (_V)iuJRj A(V,Rl,...,RS) F\’l! RS !
e == % R
1=1

n oi+fRi+Ai7—w;

0 1 s w X] XJ I Y J
- o —— 1+ —
Xgr(”ﬂ)lj}(gj ){ giJ ( +9JJ

(l—7ilQi;Si)1,hx(_Aj_ejRj_77,-1'.77,-3;1)1‘5,(1—0']—ijj—ﬁjT—n,/lja;l)Ls, |
]Ma (Wj—c)—j—Aj—(ej+fj)Rj—(lj+77j)r—n,(/1j+77j)a;1)1ys,(0,1;1);_

(011);(1_511 pj;rj)l‘k’(wj —0; _Aj _(ej + fJ')Ri _(AJ' -H]J')T‘(/lj +77])a;1)1’5,

(—o-j - Aj—(e+ )R = (4, +n; )r-n,(4 +qj)a;l)1s,(1—ﬂ,a;l)

Xﬁﬂ;ssj;tﬂsﬂ (_1),0 (_Z 2 ) [1+ —]

(27)
provided that min Re(ej, fj,nja, Aja) > 0and all parameters e, fj,nja,/lja are not zero

simultaneously, min Re[1+ A, +77J.r] >0andmin Re[aj +/”tjr] >0(j=1,...,5).

It is assumed that the integrals on the RHS of equations (24) and (25) exist.

Proof: To prove first part of Theorem 1, we express the LHS of (24) with the help of (12)
and (23), then we interchange the order of t; and x; integrals (which is permissible under
the conditions stated with the theorem). Finally evaluating the inner tj-integrals with the
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help of result (20) (taking v;=0 therein), we arrive at desired result after a little
simplification. Similarly the result (25) of Theorem 1 can be established on using (21).

Now, the following theorem gives the fractional integrals of generalized Stieltjes
transform given by (23).

Theorem 2. Let ¢(t,,t,,...t;) € A minRe(e;, f;,77,a,4;a) >0and all parameters
e;, f,,ma, 4,2 are not zero simultaneously and min Re[oj+/1jr]>0(j:1,...,s),

then
a) For min Re[1+ A +7,7 |>0(=12,...9)

1 [Su Bt t) e X ) | = [ Bt )1 (G i X X )ty (28)

b) For min Re[ A +7,7+W,; |>0(=12,...9)

ot—38

0

3,[ S P (tirent) (Koo ]IT¢ (bt Xy X ) Aty (29)

wherey; (t,...,t; Xy, X ) and -y, (4.t X, X, ) are as given in (26) and
(27)respectively, prowded that the integrals in the RHS of equations (28) and (29) exist.

Proof: Results (28) and (29) of Theorem 2 can be obtained on the similar lines to the
proof of Theorem 1. Also we can easily obtain the one dimensional analogues of the
Theorem 1 and 2.

5. Mellin Transforms
The multidimensional Mellin transform of the function f (tl,...,ts) € A is defined by the
following equation [9, part I, p.125, Eq. (3.5)].

o0

M[ f (teat)i 66, ] = j j[ “jf(tl,...,ts)dtl...dts (30)

0
provided that the integral exists. Now we shall establish the following results:
Result 1

If M [I f (ti, ...,ts);el, e O, }] and the conditions of existence of the operator

L ™[ (t,...,t,) |exist, then
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ML A{F (tent)i6ns O = M F (,0001,): 60,60, ] 2(6,,-,6,) (31)
Result 2
If M [I {f (tl, ...,ts);e A }] and the conditions of existence of the operator

I ™ [ (b, t,) Jexist, then

M3 {f (thent)i60ns O = M (t,1):6,,.6, | 2 (1-6,,...1-6)  (32)

where

k s
H[F(gm )]rm ,Z:;UJRJSV ER E Rs
s —1 S

(_V)ZUJ'RJ' A(V’Rl’m’Rs) R,! R!

(L=7038)un(1-0, = TR, =47, 4ail) (0,12,
(-A;+6,-¢R, _’717”71351)1,5 s (33)
(0,2);(1-6;, P, 1)y, (1= B a51),
(—aj —A; +9j —(ej + fj)Rj —(/11. +77j)1',(/1j +77j)a;1)1,s_

—1h+2s+1

xH hi2si1kesi2 (_1),0 (—Z a )

Proof: To prove result 1, we write the multidimensional Mellin transform of the I-
operator with the help of equation (30), and then we change the order of t;and X;-

integrals. Next, with the help of (20) and (30) we arrive at the desired result (31) after
simplification. The proof of result 2 can be developed by proceeding on the lines similar
to those indicated above.

6. Inversion Formulas

By using the inversion theorems for the multidimensional Mellin transform(30), given by
Srivastava and Panda [9, part I, p.125, Lemma 2], the following in version formula for
the fractional integral operators defined by (18) and (19)can be obtained as follows

Result 3.

1 ; ; Htj_&j

a0,

(tt)=
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Result 4.

B X
1 G+ pegHio i .
(et (24} [ 10=6,1-0)" I ()60 6.6
(35)

N
The precise validity conditions for the inversion formulas (34) and (35) can be deduced
from the existence condition of the fractional integral operators defined by (18) and (19)
and their multidimensional Mellin transform stated earlier.

7. Mellin Convolutions
The multidimensional Mellinconvolutions of pair of functions f(tl,...,ts)and
g(t,,....t; )is defined by

(120t =(0 1) t)=] %,---,—Sjg<x1,---.xs>dx1---dxs

(36)
provided the multiple integral exists.

If f (tl,...,ts) € A, then the fractional integral operators given by (18) and (19) can be
expressed as multidimensional Mellin convolutions as follows:

Result 5.
l)?UUVernlg (tl""’ts) :(IA,a;e,f;ry,l;x;U,V;Z *g)(xl""’xs) (37)
> —AJ'—O'J' GJ_l
where Lo tmamuyviz = HXJ' (XJ _1) ®(XJ’ _1)
j=1

(38)

©(x) being the Heaviside unit function.

(p!a);(yi’qi;si)l,h
(@, B); (6 Pii )ik
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Result 6.
‘];\UUVer :’Mg (tl’ ""ts) = (‘]A,a;e,f mAXUV;Z * g)(xl’ B Xs) (39)

where

‘]A,a;e,f;n,ﬂ;x;U viz = ﬁ X;\j (1_ X )Gi_l ®(1_ X )
j=1

S B (1) (1-%) "o B (0)° (%) |

W T j 71 (2:8)5 (75 G S (40)
5 ZH(X,') <1_Xj) Ealﬁ));(é‘i’pi;ri)lk

©(x) being the Heaviside unit function.

Proof: To prove result 5, we write the I-operator defined by (18) in the following form
using the Heaviside unit function U(x)

et e el X X. X.
L™ (tnt) = I(Htfj [} o] ICIE

0 0 j

J= j i ]
—e-f; f; —e,— T fs
VI A I SR Y et %
[ [ t t

~1=4; 4 ) .
x_E zHL?] (3_1] (£,3): (70,68 g(t,....t,)dt,...dt, (41)
=AY

t. (aUB);(é‘i’ pi;ri)l,k

]

By using the equation (38) and the definition of the Mellin convolutions given by (36) in
the above equation, we arrive at the desired result. The proof of the result 6 can be

developed on the same lines.
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