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Abstract: The paper presents a linear stability analysis for the overstable 

convection introducing viscoelastic nanofluid layer saturated by a Darcy-

Brinkman porous medium embedded by dust particles. The rheology of 

viscoelasticity is described by constitutive relations purposed by Oldroyd-B 

model. The nanofluid layer incorporates the effect of Brownian motion along 

with thermophoresis. The set of partial differential equations using the normal 

mode technique is reduced to non- dimensional ordinary differential equations in 

different non – dimensional parameters. Using the appropriate stress free 

boundary conditions, exact solutions are obtained. Both stationary and oscillatory 

convection are investigated using normal mode technique. It is found that 

instability sets in as oscillatory motions rather than stationary convection. For the 

stationary convection, the effects of the Lewis number  eL , concentration 

Rayleigh number  nR ,  modified diffusivity ratio (NA) , Taylor number ( 𝑇𝑎  ) 

and Darcy number (Da) the stability of the system has been investigated 

numerically. The oscillatory modes are introduced by the stress-relaxation time 

and strain- retardation parameter. The sufficient condition for the non-

existence overstabil i ty is 12   . The effect of various parameters for on 

thermal Rayleigh number the overstability has been presented graphically. 

Key Words: Nanofluid Viscoelastic, Thermal convection, dust particles, Darcy-

Brinkman porous medium. 

 
1. Introduction 

Heating or cooling of fluids is important for many industrial sectors, including energy 

supply and production, transportation and electronics. The thermal conductivity of these 

fluids plays a vital role in the development of energy coefficient heat transfer equipment. 

However, conventional heat transfer fluids have poor thermal transfer properties 
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compared to most solids. In order to improve the thermal conductivity of these fluids 

numerous theoretical and experimental studies of the effective thermal conductivity of 

liquids containing suspended solid particles have been conducted. 

Nanofluids are mixtures of a regular fluid, with a very small amount of suspended 

metallic or metallic oxide nanoparticles or nanotubes, which is first utilized by Choi 

(Choi S [7]). Nanoparticles materials may be taken as oxide ceramics (Al2O3, CuO), 

metal carbides (SiC), nitrides (AlN, SiN) or metals (Al, Cu) etc. Base fluids are water, 

ethylene or tri-ethylene-glycols and other coolants, oil and other lubricants, bio-fluids, 

polymer solutions, other common fluids. Typical dimension of the nanoparticles is in the 

range of a few to about 100 nm. Characteristic features of nanofluids are the formation of 

very stable colloidal systems with very little settling and anomalous enhancement of the 

thermal conductivity compared to the base fluid [15, 8].  

Buongiorno [2] noted that the nanoparticles absolute velocity can be viewed as the sum 

of the base fluid velocity and a relative (slip) velocity. Tzou [28] also studied thermal 

instability of nanofluids in natural convection whereas thermal instability in a porous 

medium layer saturated by a nanofluid was studied by Nield and Kuznetsov [16]. In all 

the above studies the nanofluid have been assumed to be Newtonian.  

Non-Newtonian rheological behavior of nanofluids was indicated by many investigators 

(Chen et al. [5, 6]; Schmidt et al. [23]). Convection of non-Newtonian fluids in a porous 

medium is of considerable importance in several applied fields such as oil recovery, food 

processing, and the spread of contaminants in the environment, and in various processes 

the chemical and materials industries. The onset of thermal convection of a viscoelastic 

fluid-saturated porous medium was studied by many authors (Rudraiah et al. [21]; Kim et 

al. [9]; Yoon et al. [30]; Malashetty et al. [14]). Since elastic behavior is inherent in non-

Newtonian fluids, oscillatory instabilities can set in before stationary modes. Sheu et al. 

[25] investigated the chaotic convection in an Oldroydian fluid-saturated porous medium 

using a weak non-linear analysis. The instability of a viscoelastic fluid-saturated porous 

layer was theoretically studied by Bertola and Cafaro [1] using a dynamic system 

approach. Sheu et al. [26] investigated chaotic thermal convection in an Oldroydian fluid-

saturated porous medium using a thermal non-equilibrium model. Recently, Nield and 

Kuznetsov [16] studied thermal instability in a porous medium layer saturated by a 

nanofluid: Brinkman model while linear stability of convection in a in a viscoelastic 

nanofluid layer was studied by Sheu [27]. Sharma et al. [24] have studied the onset of 

thermal convection in rotating viscoelastic nanofluid layer saturated by a Darcy-

Brinkman porous medium. Rana and Chand [17] have studied Rayleigh Be nard 

convection in an elastico-viscous Walters’ (model B′) nanofluid layer. Rana et al. [18] 

have studied the convection in a binary nanofluid saturated rotating porous layer. 

In geophysical situations, the fluid is often not pure but contains several suspended 

particles. Motivations for the study of certain effect of particles immersed in the fluid 

such as particle heat capacity, particle mass fraction and thermal force is due to the fact 

that the knowledge  concerning fluid particles mixture is not commensurate with their 

industrial and scientific importance. Scanlon and Segel [22], Chand [3], Rana et al. [20] 
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studied the effect of suspended particles on B𝑒 nard convection and found that the critical 

Rayleigh number was reduced solely because the heat capacity of pure gas was 

supplemented by that of particles and it was found that suspended particles destabilize the 

fluid layer.   

The investigation in porous media has been started with the simple Darcy law which 

states that the usual viscous term in the equations of motion is replaced by the resistance 

term −
𝜇

𝑘1
𝒒, where 𝜇 is the viscosity of the incompressible fluid, 𝑘1 is the medium 

permeability and 𝒒 is the Darcian (filter) velocity of the fluid and gradually was extended 

to Darcy-Brinkman model. Lapwood [11] has studied the convective flow in a porous 

medium using linearized stability theory. The Rayleigh instability of a thermal boundary 

layer in flow through a porous medium has been considered by Wooding [29]. 

Nanofluids in porous media constitute an emerging topic; the review of recent literature 

points out to at least two possible applications. Porous foam and microchannel heat sinks 

(used for electronic cooling) are usually modeled and optimized utilizing the porous 

medium approach. The utilization  of nanofluids for cooling such microchannel heat 

sinks has been suggested. Modelling of such heat sinks requires understanding of 

fundamentals of nanofluid convection in porous media. Another area relevant to 

nanofluid convection in porous media is the utilization of nanoparticles hyperthermia for 

cancer treatment. The objective is to induce the maximum damage on the tumor (this 

requires elevating the temperature of at least 90% of the tumor above 43
0
 C) with the 

minimum damage to the normal tissue.   

Our objective in the present work is to study how the onset criterion for oscillatory 

convection is affected by interactions among Brownian diffusion, thermophoretic 

diffusion, suspended particles number density and viscoelasticity, and how is it related to 

the oscillatory instability of a binary viscoelastic base fluid with dust particles. The 

Oldroyd-B fluid model was employed to describe the rheological behavior of the 

nanofluid. The modified Darcy-Brinkman model was used to simulate conservation of 

momentum in the porous medium.  

2. Theoretical Model  

An infinite horizontal layer of an incompressible viscoelastic nanofluid which is heated 

from below, confined between two parallel planes 𝑧 = 0  and 𝑧 = 𝑑 where temperature 

and volumetric fraction of nanoparticles are kept constants: 𝑇 = 𝑇0 and   𝜙 = 𝜙0  at z = 0 

and  𝑇 = 𝑇1 and   𝜙 = 𝜙1  at 𝑧 = 𝑑 . The both boundary surfaces are assumed to be free. 

The thermo physical properties of nanofluids (viscosity, density, thermal conductivity 

and specific heat) are as constants for the analytical formulation but these quantities are 

not constant and strongly depend on the volume fraction of nanoparticles. The fluid is 

acted on by the acceleration due to gravity  g  g,0,0  
 . The continuity and momentum 

equations, using the Boussinesq approximation, relevant to the problem are:      

                                                       , 0.   q  
(1) 
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 1 + 𝜆 1
𝜕

𝜕𝑡
  

𝜌

𝜀
 
𝜕𝒒

𝜕𝑡
+ 𝒒. ∇𝒒 + ∇𝑝 − 𝜌𝐠 −

2𝜌

𝜀
 𝒒 × 𝛀 −

𝐾′ 𝑁 𝒒𝒅−𝒒 

𝜀
 =

 1 + 𝜆 2
𝜕

𝜕𝑡
  𝜇∇2𝒒 −

𝜇

𝑘1
𝒒 .  (2)  

where 1  is the stress relaxation time, 2 is the strain retardation time,   is the 

homogenous medium of porosity,  q is the velocity vector,  𝐪d  is the velocity of 

suspended particles,   is the viscosity of fluid, K  is Stokes drag formula, N  is number 

density of dust particles and 𝑝 is the hydrostatic pressure, respectively. The nanofluid 

density   in eq. (2) is
 

 
, ρ fp    (3)  

where   is the nanoparticle volume fraction, 
p  density of nanoparticles and 

f density 

of base fluid. 

Taking the density of the nanofluid as that of the base fluid, as adopted by Tzou[2008a, 

2008b] the specific weight (ρ g)  in equation (2) thus becomes 

 
      ,11 ρ 0TTfop  g  (4)  

where   is the coefficient of thermal expansion.   

Using equation (4), motion for nanofluid with suspended particles is given as 

 1 + 𝜆 1
𝜕

𝜕𝑡
  

𝜌

𝜀
 
𝜕𝒒

𝜕𝑡
+ 𝒒. ∇𝒒 + ∇𝑝 −      011 TTfop   −

2𝜌

𝜀
 𝒒 × 𝛀 −

𝐾′ 𝑁 𝒒𝒅−𝒒 

𝜀
 =  1 + 𝜆 2

𝜕

𝜕𝑡
  𝜇∇2𝒒 −

𝜇

𝑘1
𝒒 .  (5) 

The buoyancy forces on the particles are neglected. Interparticle reaction are also not 

considered as we assume that distances between particles are quite large as compared 

with their diameter and if 𝑚𝑁 is the mass of particles per unit volume, then the equations 

of motion and continuity for the particles, under the above assumptions, are 

 
   , d
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q




  (6) 

 

  , 0. 



dN

t

N
q  (7) 

The equation of continuity for the nanoparticles is 
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where DB  is the Brownian diffusion coefficient, given by Einstein-Stokes equation and 

DT is the thermophoretic diffusion coefficient of the nanoparticles. 
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The energy equation in nanofluid is 

 

   
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(9)  

where  
f

c  is the heat capacity of fluid, 
ptC  is heat capacity of suspended 

particles,  
p

c is heat capacity of nanoparticles and  mk  is thermal conductivity 

of the fluid. 

Since the fluid under consideration is confined between two horizontal planes z=0 and 

z=d, on these two planes certain boundary conditions must be satisfied. We take case of 

free-free surface and assume the temperature and volumetric fraction of the nanoparticles 

are constant thus the boundary conditions are  

 
   , 0   ,,0 00  zatTTw   (10) 

 
 . ,,0 11 dzatTTw  
 

(11)

 
We introduce non dimensional variables as 
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The equations (1), (5)-(9), in non-dimensional form can be written as 

    ,0.  q  (12)  
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where non-dimensional parameters are: 
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d
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asterisks for convenience. 

 The basic state is assumed to be quiescent (no settling of dust particles and nanoparticles) 

and is given by  

 
     ,0 zpp,z,zTT,wvu bb   0NN   (a constant). (18) 

To study the stability of the system, we superimpose infinitesimal perturbations onto the 

basic state, which are of the forms 
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Using the equation (19) in the equations (12)-(17), we obtain the linearized perturbation 

equations 
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Now eliminating 
"" , dp q  from equations (21) making use of equations (20) and (22), we 

get  
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Eliminating s (z component of dq ) from equation (25) by making use of equation (22), 

we have 
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In terms of the non- dimensional form, boundary conditions become
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3. Normal Mode Analysis Method 

The partial differential equations (20) - (24) and (27) with boundary conditions (28) 

constitute a linear boundary-value problem that can be solved using the method of normal 

modes in the form in which the disturbances are analyzed into normal modes and the 

perturbation quantities of the form: 
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where xk  and yk  are the wavenumber  in the x- and y-directions and n  is the growth 

rate and .222

yx kkk  Using the expression (29), the equations (20) - (24) and (27) take 

the form 
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where

 

1,  bB
dz

d
D and 

222

yx kka  is dimensionless the resultant wave 

number. 

Boundary conditions are 

 
0,0,0,0 2  WDW at 0z and  1z . (33)  

We assume the solution to ,W and  Φ  are of the form 

 
z. πΦz,  ΦπΘΘz,πWW sinsinsin 000   (34)

 

which satisfies the  (33)  boundary conditions    

Using the exact solutions of the lowest mode on equations (30) 

𝑅𝑎 =

 𝐽+𝑛𝐵  1+𝜏𝑛 

𝑎2 1+𝜆1𝑛  𝐵+𝜏𝑛 
 

𝑇𝑎𝜋2 1+𝜆1𝑛 

  |𝐷𝑎 𝐽+1  1+𝜆2𝑛 +
𝑛

𝑉𝑎
 1+𝜆1𝑛 +𝐺𝑛 

 +

 J+nB   1+τn 

a2 1+λ1n  B+τn 
 J  

 |DaJ + 1  1 + λ2n +

 
n

Va
+

Gτn

1+τn
  1 + λ1n 

  −
 B+τn 

N A
Le

J+
 1+τn 

ε
 J+nB 

 B+τn  
J

Le
+n 

Rn  . (35) 

4.  Natural Convection  

a)  Stationary Convection 

For stationary convection n = 0 ( 0in ), equation (35) reduces to 
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 𝑅𝑎
𝑆 =

 𝐷𝑎 𝜋2+𝑎2 
3

+ 𝜋2+𝑎2 
2
 

𝑎2 +
𝑇𝑎𝜋2 𝜋2+𝑎2 

𝑎2 𝐷𝑎  𝜋2+𝑎2 +1 
−  𝑁𝐴𝐵 +

𝐿𝑒

𝜀
 𝑅𝑛  (36) 

b) Oscillatory Convection
 

For oscillatory convection, putting 
iinn   in eq. (35) , the imaginary part of equation 

(35) gives a dispersion relation (relation between growth rate 𝑛𝑖  and wavenumber 𝑎) of 

the form 

 𝑎1 𝑛
2 5 + 𝑎2 𝑛

2 4 + 𝑎3 𝑛
2 3 + 𝑎4 𝑛

2 2 + 𝑎5 𝑛
2 + 𝑎6 = 0, (37) 

where 

 𝑎1 = −𝜀𝑎2𝜆1
4𝐿𝑒

2𝜏𝐽 𝜏𝐽 + 𝐵 + 𝐵2 ,  

The constant 
2a to 6a  involving large number of terms has been not written here.  

5. Results and Discussion 

Expressions of the critical thermal Rayleigh number for stationary and oscillatory are 

given by equations  ( 36) and imaginary part of (35) respectively. 

According to Buongiorno [2] and Nield and Kuznetsov [16], for most nanofluids 

investigated, Lewis number, 𝐿𝑒 , is large of the order 
32 1010  , while the modified 

diffusivity ratio, 𝑁𝐴 ,  is no greater than about 10. In the following, we consider instability 

by taking values of 𝐿𝑒  
and 𝑁𝐴   within these ranges. 

  

Figure 1:  Neutral curves for different 

values of the Deborah number (𝜆1). 

Figure 2:  Neutral curves for different 

values of the retardation parameters (𝜆2). 

The effect of the Deborah number,  𝜆1, is shown in figure 1. The Deborah number is used 

in rheology to characterize how fluid a material is. It physically represents the ratio of the 

relaxation time to the thermal diffusion time. Figure 1 shows that the oscillatory thermal 

Rayleigh number decreases with an increase in the Deborah number which indicates that 

the effect of the Deborah number is to advance the onset of convection in a viscoelastic 

nanofluid layer. 
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Figure 2, shows the effect of the retardation parameter, 𝜆2 , on the neutral curves. It is 

found that an increase in the value of the retardation parameter increases the minimum 

oscillatory Rayleigh number, indicating that it delays the onset of convection in a 

viscoelastic rotating nanofluid layer. 

In Figure 3, the effect of the Taylor number on neutral curves is displayed. It is find that 

the critical oscillatory thermal Rayleigh number increases with an increase in 𝑇𝑎 , 
 

indicating that 𝑇𝑎 , 
 
 postpones the oscillatory onset 

  
Figure 3:  Neutral curves for different 

values of the Taylor number (𝑇𝑎 ). 

Figure 4:  Neutral curves for different 

values of the dust particles parameter (𝐵). 

The effect of the dust particle parameter is shown in figure 4. It is clear from the figure 4 

that the oscillatory thermal Rayleigh number decreases with an increase in 𝐵,
 
 which 

means that 𝐵,  enhances oscillatory convection. 

Figures 5a and 5b depict the effect of a modified diffusivity ratio,  𝑁𝐴 ,  on the neutral 

curves. It can be seen from figure 5a and 5b that the critical oscillatory thermal Rayleigh 

number increases with an increase in 𝑁𝐴 ,  (in the presence and absence of rotation 

parameter) indicating that 𝑁𝐴 , postpones the oscillatory onset. 

  

Figure 5a:  Neutral curves for different 

values of the modified diffusivity number 
 𝑁𝐴  in the presence of rotation parameter. 

Figure 5b:  Neutral curves for different 

values of the modified diffusivity number 
 𝑁𝐴  in the absence of rotation parameter. 
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In figure 6 the effect of Darcy number on the neutral curves is shown, which depicts that 

for oscillatory modes thermal Rayleigh number increases with the increase in Darcy 

number indicating that 𝐷𝑎  delays the oscillatory onset. 

 

Figure 6: Neutral curves for different values of the Darcy number  𝐷𝑎 . 

6. Conclusions  

Overstable convection in rotating viscoelastic nanofluid layer saturated by a Darcy-

Brinkman porous medium embedded by dust particles has been studied using linear 

instability theory by employing an Oldroydian model that incorporates the effects of 

rotation, Brownian motion, dust particles, thermophoresis and viscoelastic parameters. 

Oscillatory modes are introduced due to the presence of rotation and viscoelastic 

parameters, which were non-existent in their absence. Oscillatory instability is possible 

for both top-heavy and bottom-heavy nanoparticles distributions. Some of the important 

conclusions of the present study are given below: 

i) It is found that stress relaxation-parameter has destabilizing effect on the system, 

while   strain-retardation- parameter has stabilizing effect on the system on the 

oscillatory modes of the system. 

ii) The dust particles parameters destabilize the thermal Rayleigh number for 

overstability. 

iii) The Darcy number 𝐷𝑎  has stabilizing effect for the case of overstability. 

iv) The effect of the Taylor number  𝑇𝑎  is to stabilize the oscillatory modes, thereby 

postponing the onset of oscillatory convection. 

v) The modified diffusivity ratio (accounting for the thermophoresis parameter 𝐷𝑇) 

stabilizes the system for both top-heavy and bottom-heavy distributions(in the 

presence and in the absence of rotational parameter), for the oscillatory 

convection is delayed. 
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In the momentum equations relevant to the problem no. (2), 1  is the stress relaxation 

time and 2 is the strain retardation time accounting for Non-Newtonian behaviour of 

nanofluids which are described in the model. Whereas  1  and 2  are the non-

dimensional parameters, ,
2

1
1

d


   is the non-dimensional Deborah number accounting 

for the physical quantity stress relaxation time , ,
2

2
2

d


 

  
 is the non-dimensional 

parameter accounting for strain retardation. 

In case of Boron nitride matter like, boron, silicon in that case 11  ,  thermal diffusivity 

is >1 in this case. In some cases thermal diffusivity is upto 10
-2

, in that case  11  . This 

research work is taken for general case. 
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