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Abstract: In this paper, we solve a general Volterra-type fractional equation
associated with an integral operator with the H-function in its Kernel. We make
use of convolution technique to solve the main equation. Since H-function
occuring in the fractional operator herein is general in nature we can obtain a
number of special cases from our main findings, by specializing the parameters
of the H-function. We record here two such special cases which involve Fox-
Wright function and Mittag-Leffler function respectively. The main result
derived in this paper also generalizes a result by Tomovski et al.[8]
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1. Introduction

The H-function occurring in the present paper is defined and represented in the following
manner ([5],p.12)
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Sy = (b +71)/Bn

For convergence, existence conditions and other details of the Fox H-function refer the
book ([5], p.11-12)

2. An Integral Operator Involving Fox’s H-Function

In our present investigation, we make use of the following fractional integral operator
with Fox’s H-function in its kernel(see, for details, [4]:

(Feribme o) (o= [ (x = F T Hys w(x — )%Ip(t)dt @)

(R > 0; w € C\(O} 0 R(B) +min 3 (1)} > 00

The following property of Laplace transform([2], p.13)
L(f™(x);s) = s"F(s)
holds provided thatf(i)(O) =0,i =0,1,2,..,n — 1, n being a positive integer, where
L(f(x);s) = J; e *f(x)dx = F(s)
The well-known convolution theorem for Laplace transform
Ly fx—wgdu; s) = L(f(x); $)L(g(x); 5) (5)
holds provided that the various Laplace transforms occuring in (5) exists.

For a = 0, by using the Convolution Theorem for the Laplace Transform given by (5)
we find from the definition (4) that

c](#gikme 0)@)] (5) = L[xF 1 HYE wxe]](s) - Llp@)](s)

A-8,a),(a,%)1p
H;flf; ws ™| [@(s) (6)
(0,1), (b, Bj)2,4

R(s) > 0; a>0; RB)+ rlnﬁgl{m (%)} > 0),

= S_B

where, for convenience,
O(s):=L[px)](s)  (R(s) > 0).

3. Main Result

A general Volterra-type fractional equation associated with an integral operator with the
H-function in its kernel is given by

(76575 v) 00 + 1 fy (= " y(®)dti = g () (7)
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R(B) > 0; w e C\(0}; 0BF; R(B)+ I}lﬁiﬂgl{ﬂ’i (ﬁi)} > 0;/(v) > 0)

has the solution

_x o (x_t)ar +l—f—au -1 0
y@) = Jy Xm0 Br ey 9" (Ot (8)

provided that

g®(0) = 0 for 0& i < B— 1,1 being a positive integer and v — S is an integer. Also
_A# +1 AM ..... 0 e 0
Auv2 Ay .. 0
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and u is the least k for which
_ (B +0ck)]'[}1=1 I(1-a;+a;k)
T, TA-b 48T, 4 T(aj—ajk)k!

Ay (-Dk =0

Proof. To solve (7) we first take the Laplace transform of its both sides. Using (6), we get
(1 =B,a), (@, a)1,
s7P H;ff’; ws™® Y(s) +aS7VY(s) =G(s) (10)
0,1), (b, Bj)2,q

Using (1) for writing H-function in series as

(1=B,a),(q, )1,
ws™¢ =
(0,1), (b, Bj)2,q
)" l"(ﬁ+ozk)1_[}1:1 I(1-a;+ajk) (—ws™®)k
k=0T, T +8 ) T, T(aj—ajk) k!

= Yi=o A (ws™ )k,

we find that

1n+1
Hp+1,q

(1 =B a),(a,a)1,
S_'BH;':}I; ws™* +as™ =
(0,1), (b, Bj)24
s7F [Zfzo Aa(ws™)4 +as _V+ﬂ] (11)
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Let u denote the least k for which A, # 0 therefore series given by (1) can be
reciprocated. Writing

-1
|57 [Zco A ws ™) +as™F]| = SFrmEE G EsT, (12)
(where E,. is given by (9)), (10) takes the form
Y(s) = sPran-lye  E s [sVG(s)] (13)

Again (13) can be written as

xar +—p—ap -1

LG s) = L[Eieo By fopmai s | LIg O Wi s] (14)
Now using Laplace convolution theorem in the R.H.S of (14) we get
Lly@)s] = L[, E, g'®)dt; s| (15)

Finally on taking the inverse of the Laplace transform on both sides of (15)we arrive at
the desired solution (8)

(x_t)ar +l—f—ap —1
I'(ar +1—=f—ap)

4. Special Cases

(i) Reducing H-function in the R.H.S of (4) to the Fox-Wright function(see, e.g. [4].[6])
and defining the fractional integral operator as

. N (@, @)1,p5
(Parap@):= [ = 0Ff 71 ¥, w(x = ) [@(t)dt (16)
(ij.[))j)l,q;
(R(B) > 0; weC\{0}; pg+1),
We find that (7) takes the form as
(FoLapy) @) + 15 Jy (= 0y (®)de = g(0) (17)
R(B) > 0w e C\{0};pg+ 1L,R(WV) >0
whose solution is given by

(x_t)ar +H—p—au —

x 1
- o O
() = Jy B0 Er o 9 Ode (18)
provided that
g® =0 for 0 < A< B— 1,1 being a positive integer and v — 8 is an integer,

E, is given by (9) and u is the least n for which

1 = I'(aj+ain)..I'(ap+a,n)I'(B—an)
T I(by+B1n).T(bg+Bgn)n!

+0 (19)
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(ii) Again reducing H-function in R.H.S of (4) to Mittag-Leffler function [7] and defining
the fractional integral operator as follows:

(&rey) 0 = fy (= F BV f w(x — %Iy (D)dt, (20)
(y,w € C; R(a) > max{0,R(k) — 1}; min{R(B), R(x)} > 0)
then (7) can be written as
(&) 0 + 55 ) (= 0" y(de = g(x) (21)
(r,w € GR(a) > max{0,R(x) —1}; min{R(B),R(x)} > 0;R(v) > 0)
whose solution is given by
yx) = [y Troo Ey

provided that

(x_t)ar +l—f—ap -1

O]
T'(ar +l-B—ap) g (t)dt (22)

g® = 0for 0& i < B— 1,1 being a positive integer and v — 8 is an integer,

E, is given by (9) and u is the least n for which

__ T'(y+xn)
I = ) 2 0 (23)
(iiii) Substituting g(x) = x2 in (3.1) we get
(e375me v )0 + o o (e = Yy (0t = (24)

(R(B) > 0; w e C\{0}; 0&@; R(B)+ min {ER (ﬂ>} >0; RH)>0)
1 B;
has the solution

(x_t)ar —f—ap +1

y() =25 ¥ Er Tar —p—antz) 46 (25)
where E,. is given by (9)

It is interesting to note that, if we put a = 0 and substitute a product of general class of
polynomials and the H-function in several variables as kernel of the integral operator in
the main result, we get the result obtained by Gupta et al[3]. Also the result obtained by
Tomovski et al. ([8], Egs. (16) and (17)) and convolution integral equation given in ([5],
p.33, see also [1]) are special cases of our main result.
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