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Abstract: In this paper, we solve a general Volterra-type fractional equation 

associated with an integral operator with the H-function in its Kernel. We make 

use of convolution technique to solve the main equation. Since H-function 

occuring in the fractional operator herein is general in nature we can obtain a 

number of special cases from our main findings, by specializing the parameters 

of the H-function. We record here two such special cases which involve Fox-

Wright function and Mittag-Leffler function respectively. The main result 

derived in this paper also generalizes a result by Tomovski et al.[8] 
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1. Introduction 

The 𝐻-function occurring in the present paper is defined and represented in the following 

manner ([5],p.12) 

 𝐻𝑝,𝑞
𝑚,𝑛 [𝑧] = 𝐻𝑝,𝑞

𝑚,𝑛  𝑧|

(𝑎𝑗 , 𝛼𝑗 )1,𝑝

(𝑏𝑗 , 𝛽𝑗 )1,𝑞

] = 𝐻𝑝,𝑞
𝑚,𝑛  𝑧|

(𝑎1 , 𝛼1), ⋯ , (𝑎𝑝 , 𝛼𝑝)

]

(𝑏1 , 𝛽1), ⋯ , (𝑏𝑞 , 𝛽𝑞)

  

             : =  ‍𝑚
𝑕=1  ‍∞

𝑟=0 Θ(𝔰𝑕,𝑟)(−1)𝑟𝑧𝔰𝑕 ,𝑟  (1) 

 Θ(𝔰𝑠,𝑟) =
 ‍𝑚

𝑗=1 Γ(𝑏𝑗−𝛽𝑗 𝔰𝑕,𝑟 )  ‍𝑛
𝑗 =1 Γ(1−𝑎𝑗 +𝛼𝑗 𝔰𝑕,𝑟 )

 ‍
𝑞
𝑗=𝑚 +1 Γ(1−𝑏𝑗 +𝛽𝑗 𝔰𝑕,𝑟 ) ‍

𝑝
𝑗 =𝑛+1 Γ(𝑎𝑗−𝛼𝑗 𝔰𝑕,𝑟 )

, (2) 

 and 

1†≤ m ≤ q and 0†≤ 𝑛 ≤ †𝑝 (𝑚, 𝑞 ∈ ℕ = {1,2,3, ⋯ };   n, 𝑝 ∈ ℕ0 = ℕ ∪ {0}), (3) 

 where  
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 𝔰𝑕,𝑟 = (𝑏𝑕 + 𝑟)/𝛽𝑕  

For convergence, existence conditions and other details of the Fox 𝐻-function refer the 

book ([5], p.11-12)  

2. An Integral Operator Involving Fox’s 𝑯-Function 

In our present investigation, we make use of the following fractional integral operator 

with‍Fox’s‍𝐻-function in its kernel(see, for details, [4]: 

  ℋ𝑎+;𝑝,𝑞;𝛽
𝑤;1,𝑛;𝛼 𝜑 (𝑥): =  ‍

𝑥

𝑎
(𝑥 − 𝑡)𝛽−1𝐻𝑝,𝑞

1,𝑛[𝑤(𝑥 − 𝑡)𝛼 ]𝜑(𝑡)𝑑𝑡 (4) 

 (ℜ(𝛽) > 0;   𝑤 ∈ ℂ\{0};   0†𝑛†𝑝;   ℜ(𝛽) + min
1†𝑗†𝑚

 ℜ  
𝛼𝑏𝑗

𝛽𝑗
  > 0). 

The following property of Laplace transform([2], p.13)  

 𝐿(𝑓(𝑛)(𝑥); 𝑠) = 𝑠𝑛𝐹(𝑠) 

holds provided that 𝑓(𝑖)(0) = 0, 𝑖 = 0,1,2, . . , 𝑛 − 1, n being a positive integer, where  

 𝐿(𝑓(𝑥); 𝑠) =  ‍
𝑥

0
𝑒−𝑠𝑥𝑓(𝑥)𝑑𝑥 = 𝐹(𝑠) 

The well-known convolution theorem for Laplace transform  

 𝐿  ‍
𝑥

0
𝑓(𝑥 − 𝑢)𝑔(𝑢)𝑑𝑢; 𝑠 = 𝐿(𝑓(𝑥); 𝑠)𝐿(𝑔(𝑥); 𝑠) (5) 

 holds provided that the various Laplace transforms occuring in (5) exists.  

For 𝑎 = 0, by using the  Convolution Theorem for the Laplace Transform given by (5) 

we find from the definition (4) that  

ℒ   ℋ0+;𝑝,𝑞;𝛽
𝑤;1,𝑛;𝛼 𝜑 (𝑥) (𝑠) = ℒ 𝑥𝛽−1𝐻𝑝,𝑞

1,𝑛 [𝑤𝑥𝛼 ] (𝑠) ⋅ ℒ[𝜑(𝑥)](𝑠) 

                                                   = 𝑠−𝛽𝐻𝑝+1,𝑞
1,𝑛+1  𝑤𝑠−𝛼 |

(1 − 𝛽, 𝛼), (𝑎𝑗 , 𝛼𝑗 )1,𝑝

(0,1), (𝑏𝑗 , 𝛽𝑗 )2,𝑞

]Φ(𝑠)  (6) 

 (ℜ(𝑠) > 0;   𝛼 > 0;   ℜ(𝛽) + min
1†𝑗†𝑚

 ℜ  
𝛼𝑏𝑗

𝛽𝑗
  > 0), 

where, for convenience, 

 Φ(𝑠): = ℒ[𝜑(𝑥)](𝑠)        (ℜ(𝑠) > 0). 

 

3. Main Result 

A general Volterra-type fractional equation associated with an integral operator with the 

H-function in its kernel is given by 

  ℋ0+;𝑝,𝑞;𝛽
𝑤;1,𝑛;𝛼 𝑦 (𝑥) +

𝑎

Γ(𝜈)
 ‍

𝑥

0
(𝑥 − 𝑡)𝜈−1𝑦(𝑡)𝑑𝑡: = 𝑔(𝑥) (7) 
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 (ℜ(𝛽) > 0;   𝑤 ∈ ℂ\{0};   0†𝑛†𝑝;   ℜ(𝛽) + min
1†𝑗†𝑚

 ℜ  
𝛼𝑏𝑗

𝛽𝑗
  > 0; ℜ(𝜈) > 0) 

has the solution  

 𝑦(𝑥) =  ‍
𝑥

0
 ‍∞

𝑟=0 𝐸𝑟
(𝑥−𝑡)𝛼𝑟 +𝑙−𝛽−𝛼𝜇 −1

Γ(𝛼𝑟 +𝑙−𝛽−𝛼𝜇 )
𝑔(𝑙)(𝑡)𝑑𝑡 (8) 

 provided that 

𝑔(𝑖)(0) = 0 for 0†≤ 𝑖 ≤ †𝑙 − 1, 𝑙 being a positive integer and 𝜈 − 𝛽 is an integer. Also  

𝐸𝑟 = (−1)𝑟(𝜆𝜇
−𝑟−1)𝑤𝑟det

 
 
 
 
 
 
 
 
𝜆𝜇+1 𝜆𝜇 . . . . . 0 . . . . 0

𝜆𝜇+2 𝜆𝜇+1 . . . . . . . . . 0

. .

. . 𝑤−𝛼  𝜆
𝜇+

𝜈−𝛽

𝛼

+
𝑎

𝑤
𝜈−𝛽

𝛼

 

. .
𝜆𝜇+𝑟 𝜆𝜇+𝑟−1 . . . . . . . . . . 𝜆𝜇+1 

 
 
 
 
 
 
 

(9) 

 and 𝜇 is the least k for which  

 𝜆𝑘 =
Γ(𝛽+𝛼𝑘)  ‍𝑛

𝑗=1 Γ(1−𝑎𝑗 +𝛼𝑗𝑘)

 ‍
𝑞
𝑗 =2 Γ(1−𝑏𝑗 +𝛽𝑗𝑘)  ‍

𝑝
𝑗 =𝑛 +1 Γ(𝑎𝑗−𝛼𝑗𝑘)𝑘!

(−1)𝑘 ≠ 0 

Proof. To solve (7) we first take the Laplace transform of its both sides. Using (6), we get  

 𝑠−𝛽𝐻𝑝+1,𝑞
1,𝑛+1  𝑤𝑠−𝛼  

(1 − 𝛽, 𝛼), (𝑎𝑗 , 𝛼𝑗 )1,𝑝

(0,1), (𝑏𝑗 , 𝛽𝑗 )2,𝑞

  𝑌(𝑠) + 𝑎𝑆−𝜈𝑌(𝑠) = 𝐺(𝑠) (10) 

Using (1) for writing H-function in series as  

 𝐻𝑝+1,𝑞
1,𝑛+1  𝑤𝑠−𝛼  

(1 − 𝛽, 𝛼), (𝑎𝑗 , 𝛼𝑗 )1,𝑝

(0,1), (𝑏𝑗 , 𝛽𝑗 )2,𝑞

  =

 ‍∞
𝑘=0

Γ(𝛽+𝛼𝑘)  ‍𝑛
𝑗=1 Γ(1−𝑎𝑗 +𝛼𝑗𝑘)

 ‍
𝑞
𝑗=2

Γ(1−𝑏𝑗 +𝛽𝑗𝑘)  ‍
𝑝
𝑗 =𝑛 +1

Γ(𝑎𝑗−𝛼𝑗𝑘)

(−𝑤𝑠−𝛼 )𝑘

𝑘!
 

 =  ‍∞
𝑘=0 𝜆𝑘(𝑤𝑠−𝛼)𝑘 , 

we find that  

 𝑠−𝛽𝐻𝑝+1,𝑞
1,𝑛+1  𝑤𝑠−𝛼  

(1 − 𝛽, 𝛼), (𝑎𝑗 , 𝛼𝑗 )1,𝑝

(0,1), (𝑏𝑗 , 𝛽𝑗 )2,𝑞

  + 𝑎𝑠−𝜈 =

𝑠−𝛽   ‍∞
𝐴=0 𝜆𝐴(𝑤𝑠−𝛼)𝐴 + 𝑎𝑠

−𝜈+𝛽
  (11) 
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Let 𝜇 denote the least k for which 𝜆𝑘 ≠ 0 therefore series given by (1) can be 

reciprocated. Writing  

  𝑠−𝛽−𝛼𝜇   ‍∞
𝑘=0 𝜆𝑘+𝜇 (𝑤𝑠−𝛼)𝑘 + 𝑎𝑠−𝜈+𝛽   

−1
= 𝑠𝛽+𝛼𝜇  ‍∞

𝑟=0 𝐸𝑟𝑠
−𝛼𝑟 , (12) 

(where 𝐸𝑟  is given by (9)), (10) takes the form  

 𝑌(𝑠) = 𝑠𝛽+𝛼𝜇−𝑙  ‍∞
𝑟=0 𝐸𝑟𝑠

−𝛼𝑟  𝑠(𝑙)𝐺(𝑠)  (13) 

 Again (13) can be written as  

 𝐿(𝑦(𝑥); 𝑠) = 𝐿   ‍∞
𝑟=0 𝐸𝑟

𝑥𝛼𝑟 +𝑙−𝛽−𝛼𝜇 −1

Γ(𝛼𝑟+𝑙−𝛽−𝛼𝜇 )
; 𝑠 𝐿[𝑔(𝑙)(𝑢); 𝑠] (14) 

 Now using Laplace convolution theorem in the R.H.S of (14) we get  

 𝐿[𝑦(𝑥); 𝑠] = 𝐿   ‍
∞

𝑟=0
𝐸𝑟

(𝑥−𝑡)𝛼𝑟 +𝑙−𝛽−𝛼𝜇 −1

Γ(𝛼𝑟+𝑙−𝛽−𝛼𝜇 )
𝑔𝑙(𝑡)𝑑𝑡; 𝑠  (15) 

Finally on taking the inverse of the Laplace transform on both sides of (15)we arrive at 

the desired solution (8)  

4. Special Cases 

(i) Reducing H-function in the R.H.S of (4) to the Fox-Wright function(see, e.g. [4],[6]) 

and defining the fractional integral operator as 

  Ψ𝑎+;𝑞;𝛽
𝑤;𝑝;𝛼

𝜑 (𝑥): =  ‍
𝑥

𝑎
(𝑥 − 𝑡)𝛽−1

𝑝Ψ𝑞  

(𝑎𝑗 , 𝛼𝑗 )1,𝑝 ;

(𝑏𝑗 , 𝛽𝑗 )1,𝑞 ;
𝑤(𝑥 − 𝑡)𝛼 𝜑(𝑡)𝑑𝑡 (16) 

 (ℜ(𝛽) > 0;   𝑤 ∈ ℂ\{0};   𝑝†𝑞 + 1), 

We find that (7) takes the form as  

  Ψ0+;𝑞;𝛽
𝑤;𝑝;𝛼

𝑦 (𝑥) +
𝑎

Γ(𝜈)
 ‍

𝑥

0
(𝑥 − 𝑡)𝜈−1𝑦(𝑡)𝑑𝑡 = 𝑔(𝑥) (17) 

 ℜ(𝛽) > 0; 𝑤 ∈ ℂ\{0}; 𝑝†𝑞 + 1; ℜ(𝜈) > 0 

whose solution is given by  

 𝑦(𝑥) =  ‍
𝑥

0
 ‍∞

𝑟=0 𝐸𝑟
(𝑥−𝑡)𝛼𝑟 +𝑙−𝛽−𝛼𝜇 −1

Γ(𝛼𝑟 +𝑙−𝛽−𝛼𝜇 )
𝑔(𝑙)(𝑡)𝑑𝑡 (18) 

provided that 

𝑔(𝑖) = 0 for 0 ≤ †𝑖 ≤ †𝑙 − 1, 𝑙 being a positive integer and 𝜈 − 𝛽 is an integer, 

𝐸𝑟  is given by (9) and 𝜇 is the least n for which  

 𝜆𝑛 =
Γ(𝑎1+𝛼1𝑛)...Γ(𝑎𝑝 +𝛼𝑝𝑛)Γ(𝛽−𝛼𝑛)

Γ(𝑏1+𝛽1𝑛)...Γ(𝑏𝑞 +𝛽𝑞𝑛)𝑛!
≠ 0 (19) 
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(ii) Again reducing H-function in R.H.S of (4) to Mittag-Leffler function [7] and defining 

the fractional integral operator as follows:  

  𝜉0+;𝛼,𝛽
𝑤;𝛾,𝜅

𝑦 (𝑥) =  ‍
𝑥

0
(𝑥 − 𝑡)𝛽−1𝐸𝛼,𝛽

𝛾,𝜅
[𝑤(𝑥 − 𝑡)𝛼 ]𝑦(𝑡)𝑑𝑡, (20) 

  𝛾, 𝑤 ∈ ℂ; ℜ(𝛼) > 𝑚𝑎𝑥{0, ℜ(𝜅) − 1}; 𝑚𝑖𝑛{ℜ(𝛽), ℜ(𝜅)} > 0  

then (7) can be written as  

  𝜉0+;𝛼,𝛽
𝑤;𝛾,𝜅

𝑦 (𝑥) +
𝑎

Γ(𝜈)
 ‍

𝑥

0
(𝑥 − 𝑡)𝜈−1𝑦(𝑡)𝑑𝑡 = 𝑔(𝑥) (21) 

 𝛾, 𝑤 ∈ ℂ; ℜ(𝛼) > 𝑚𝑎𝑥{0, ℜ(𝜅) − 1};     𝑚𝑖𝑛{ℜ(𝛽), ℜ(𝜅)} > 0; ℜ(𝜈) > 0  

whose solution is given by  

 𝑦(𝑥) =  ‍
𝑥

0
 ‍∞

𝑟=0 𝐸𝑟
(𝑥−𝑡)𝛼𝑟 +𝑙−𝛽−𝛼𝜇 −1

Γ(𝛼𝑟 +𝑙−𝛽−𝛼𝜇 )
𝑔(𝑙)(𝑡)𝑑𝑡 (22) 

provided that 

𝑔(𝑖) = 0 for 0†≤ 𝑖 ≤ †𝑙 − 1, 𝑙 being a positive integer and 𝜈 − 𝛽 is an integer, 

𝐸𝑟  is given by (9) and 𝜇 is the least n for which  

 𝜆𝑛 =
Γ(𝛾+𝜅𝑛)

Γ(𝛾)𝑛!
≠ 0 (23) 

 (iii) Substituting 𝑔(𝑥) = 𝑥2 in (3.1) we get  

  ℋ0+;𝑝,𝑞;𝛽
𝑤;1,𝑛;𝛼 𝑦 (𝑥) +

𝑎

Γ(𝜈)
 ‍

𝑥

0
(𝑥 − 𝑡)𝜈−1𝑦(𝑡)𝑑𝑡: = 𝑥2 (24) 

(ℜ(𝛽) > 0;   𝑤 ∈ ℂ\{0};   0†𝑛†𝑝;   ℜ(𝛽) + min
1†𝑗†𝑚

 ℜ 
𝛼𝑏𝑗

𝛽𝑗
  > 0;     ℜ(𝜈) > 0) 

has the solution  

 𝑦(𝑥) = 2  ‍
𝑥

0
 ‍∞

𝑟=0 𝐸𝑟
(𝑥−𝑡)𝛼𝑟 −𝛽−𝛼𝜇 +1

Γ(𝛼𝑟−𝛽−𝛼𝜇 +2)
𝑑𝑡, (25) 

where 𝐸𝑟  is given by (9)  

It is interesting to note that, if we put 𝑎 = 0 and substitute a product of general class of 

polynomials and the H-function in several variables as kernel of the integral operator in 

the main result, we get the result obtained by Gupta et al[3]. Also the result obtained by 

Tomovski et al. ([8], Eqs. (16) and (17)) and convolution integral equation given in ([5], 

p.33, see also [1]) are special cases of our main result.  
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