Journal of Rajasthan Academy of Physical Sciences
ISSN : 0972-6306; URL : http:/raops . org. in
Vol.13, No. 3 & 4, December, 2014, pp. 309-315

ON GENERALIZED ¢p-RECURRENT
LORENTZIAN a-SASAKIAN MANIFOLDS

ANKITA RAI and DHRUWA NARIAN
Department of Mathematics and Statistics,
D.D.U. Gorakhpur University, Gorakhpur- 273009 (India)

Email: ankitarai538@gmail.com and dhruwanarain.dubey@gmail .com
Received : Sept 1, 2014
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1. Introduction
In [10], S.Tanno classified connected almost contact metric manifolds whose

automorphism group possesses the maximum dimension. For such a manifold, the

sectional curvature of a plain sections containing  is a constant, say ¢ .He showed that

they can be divided into three classes:

(1.1) homogeneous normal contact Riemannian manifolds with ¢ < 0,

(1.2) global Riemannian products of a line or a circle with a Kaehlar manifold of constant
holomorphic sectional curvature if ¢ = 0 and

(1.3) awarped product space R X¢ C if ¢ > 0.
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It is well known that the manifolds of class (1.1) are characterized by admitting a
Sasakian structure. Kenmotsu [5] characterized the differential geometric properties of
the manifolds of class (1.3); the structure so obtained is now known as Kenmotsu
structure. In general these structures are not Sasakian [5]. The Gray-Hervella classication
of almost Hermitian manifolds [4], there appears a class W,, of Hermitian manifolds
which are closely related to locally conformal Kaehlar manifolds [3]. An almost contact
metric structure on the manifold M is called a trans-Sasakian structure [4] if the product
manifold M X R belongs to the class W,. The class Cc@Cs (see [6], [7]) coincides with
the class of trans-Sasakian structure of type (a, ). We note that trans-Sasakian structure
of type (0,0),(0,8) and (&, 0) are cosymplectic [2], f-Kenmotsu [5] and a-Sasakian [5]
respectively.

In 2005, Ahmet Yildiz [12] studied Lorentzian a-Sasakian manifolds and proved
that conformally flat and quasi conformally flat Lorentzian a-Ssaskian manifolds are
locally isometric with a sphere.In this paper we shall study some properties of
generalized ¢-Recurrent Lorentzian a-Sasakian manifolds and generalized concircular
¢-Recurrent Lorentzian a-Sasakian manifolds.

The paper 1s organised as follows: 2 contains preliminaries of Lorentzian a -
Sasakian manifolds. In 3 and 4 we obtain results for generalized ¢-recurrent and

generalized concircular ¢-recurrent Lorentzian @ —Sasakian Manifolds.
2. Preliminaries

A (2n + 1) dimensional manifold M is said to admit an almost contact structure if it
admits a tensor field ¢ of type (1,1) a vector field £, a 1-form 1 and Lorentzian metric g

which satisfy the following conditions,

(@) p? = -1 +1n®¢, (b)neoé =1, (©¢peo&=0, (dnep=0 (1)
(a) g(@X,¢Y) = g(X,Y) —n(X)n(Y), (b) g(X, &) = n(X), (2
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for all X,Y € y(M) and for smooth functions @ on M, V denotes covariant differentiation
operator with respect to Lorentzian metric.

For a Lorentzian a—Sasakian manifold,it can be shown that,

n(R(X,Y)Z) = a?[g(Y,Z)n(X) — g(X,Z)n(Y)], 4)
(Vx$) = adX, )

(Vxn)Y = ag(X, ¢Y), (6)

R(X,Y)§ = a?(m(V)X — n(X)Y), ™

R, X)Y = a?(g(X,Y)¢ —n(1)X), ®)

R(E V)¢ = a®*((X)¢ - X, ©)

S(X,§) = 2na®n(X), (10)

QX = 2na’X, (11)

S(§,8) = 2na?, (12)

where R,S and Q represents curvature tensor, Ricci tensor and Ricei map respectively.

3. Generalized ¢-recurrent Lorentzian a-Sasakian manifolds

Definition 1. Lorentzian a-sasakian manifolds is called generalized ¢-recurrent

Lorentzian a-sasakian manifolds if its curvature tensor R satisfies the condition
o2 (MW RYX,Y)Z) = AMW)IRX,Y)Z + BW)[g(Y,2)X — g(X,Z)Y], (13)
where A and B are two 1-forms, B is non zero, and these are defined by
AW) = gW,p1), B(W) = g(W,p,), (14)
and pq, py are vector fields associated with 1-form A and B respectibely.

Let us consider a generalized ¢-recurrent Lorentzian a-sasakian manifolds then by

virtue of (1) and (13) we have,

—(VwR)X,Y)Z + n((VwR)(X,Y)Z)§ = AW)IR(X,Y)Z + BW)[g(Y,Z)X —
g(X,2)Y], (15)
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From above it follows that,

—9((WwRX.NZ,U) + n((VwRX,VZ)nW) = AW)gRX,Y)Z,U) +
BW)[g(Y,Z)g(X,U) — g(X,Z)g(Y,U)], (16)
Let (g;),i=1,2,...... (2n 4+ 1) be an orthonormal basis of the tangent space at any

point of the manifold. Then putting X = U = e; in (16) and taking summation over i,

1<i<2n+1, weget

~(VwS) (¥, 2) + Z 0 (DR (e,Y)Z) n(er) = AW)S(Y,Z) + 2nB(W)g (Y, Z),
(17)

put Z = § in above and by virtue of (10) and the equation g ((VWR)(e,-IY)E, & ) =0, we

have
(VS (Y, &) = =2na?AW)n(Y) — 2nB(W)n(Y), (18)
Now we have,
(VwS) (Y, &) = VwS(Y,§) — S(VwY,§) =S¥, V), (19)
using (5), (6) and (10) in above relation we have,
(VwS)(Y, &) = 2nadg(W, ¢Y) — aS(Y, pW), (20)
comparing (18) and (20) we have,
2nadg(W, pY) — aS(Y,pW) = —2na?A(W)n(Y) — 2nB(W)n(Y), (1)
replacing Y by & in above and using (10) we have,

AW)a? + B(W) =0, (22)
Theorem 1. /n a generalized ¢-recurrent Lorentzian a-sasakian manifolds, the 1-form A

and B are related as in (22).
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If @« = 1, then Lorentzian a-sasakian manifolds reduces to sasakian manifolds, then

by (22) A(W) + B(W) = 0.

Corollary 1 In a generalized ¢-recurrent sasakian manifolds, the 1-form A and B are

related as A(W) + B(W) = 0.
If a =0, then by (22) B(W) = 0.

Corollary 2 In cosymplectic manifold, generalized ¢-recurrent reduces to ¢-recurrent

manifold.
Now from (15) we have,

(VwR)X,Y)Z = n((VwR)(X,Y)Z)§ — AW)R(X,Y)Z — BW)[g(Y,Z)X —
gX,2)Y], (23)

Now by (23) and Bianchi identity we get,

AWIN(RX,Y)Z) + AXOn(R(Y,W)Z) + A(Y)n(RWW,X)Z) + BW)[g(Y,Z)n(X) —

9X, )]+ BXgW,Z)n(Y) — g(¥,Z)n(W)] + BY) [g(X, Z)n(W) —
gw,z)] =0, 24)

using (4) in (24), also putting Y = Z = e; and taking summation over 1 < i < 3, we get,
a? AW)In(X) = a?AX)n(W), BW)n(X) = BOn(W), (25)

Theorem 2. /n a generalized ¢-recurrent Lorentzian a-sasakian manifolds, the
characteristic vector field & and the vector field p; and p,associated with the 1-form A, B

respectivily are in the same direction and the 1-form A, B are given by (25).

4.Generalized concircular ¢-recurrent Lorentzian a-Sasakian manifolds
In this section we study three-dimensional generalized concircular ¢-recurrent

Lorentzian a-sasakian manifolds.
Definition 2. Lorentzian a-sasakian manifolds (M3, g) is called generalized concircular

¢-recurrent if its concircular curvature tensor C
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CX,Y)Z=R(X,Y)Z —g[g(Y,Z)X -g(X,2)Y], (26)
Satisfies the condition

¢? (7w )X, 1)Z) = AW)EX, )Z + BW)[g(Y, 2)X — g(X, 2)Y], (27)

where A(W) and B(W) are defined above as in (14) and v is the scalar curvature of the
manifold (M3, g).
Let us consider a generalised concircular ¢-recurrent Lorentzian a-sasakian

manifolds.

Then by (2) we have,

~(Ww )X NZ 41 (VW)X Z)§ = AWIEXK,V)Z + BW)[g(Y,Z)X —

g(X,2)Y], (28)
From which 1t follows that,
—g((V OXNZU) + n((Vy OYX NZ)pU) =  AW)g(CX,Y)Z,U) +
BW)[g(Y,Z)g(X,U) — g(X,Z)g(Y,)]. (29)

Let e, e, and e3 be a local orthonormal basis of the tangent space at any point of the
manifold. Then putting Y = Z = e; in (29) and taking summation over i,1 <i < 3, we

get
Vyr Vyr
~(WwSH K, U) + == g (X, U) + (VwS) X, O (U) — ——n(X)n(U)

= AW [SCLU) - 2 gL V)| + 2BW)g(X,U)

(30)
putting X = U = € in (30) we have,

AW) [2na2 —g] +2B(W) = 0. G1)
Theorem 3. /n a three-dimensional generalized concircular ¢-recurrent Lorentzian a-

sasakian manifolds, the 1-form A and B are related as in (31).
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