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Abstract : In this paper, we consider a single server feedback queueing
model with impatient customers. Inter-arrival time, service time and
impatience of customers follow exponential distribution. Steady —state
queue length probabilities are obtained. Laplace transform of generating
function of transient-state queue length probabilities i1s also obtained.

Some important cases of interest are derived as special cases.
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1. Introduction

Queueing models have been effectively used in the design and analysis of
telecommunication system, traffic system, service system and many more. A number of
extensions in basic queueing models have been made and the concepts like vacation

queueing, correlated queueing, queueing with feedback, queueing with impatience and
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catastrophic queueing have come up. Of these, ‘Feedback’ in queueing literature
represents customer’s dissatisfaction because of inappropriate quality of service. In case
of Feedback, customers arrive and stand in queue for service. After each service,
customers either leave the system or rejoin the queue. Finch [7] introduced the concept of
feedback through his paper ‘cyclic queue with feedback’. Delbruck [6] studied an online
random linear network under Poisson arrivals, variable bulk service and feedback.Sharda
and Garg [7] also obtained the timedependent solution of a queueing model with

feedback.

There is now growing interest in the analysis of queueing system with impatient
customers. This is due to the vastapplications in business world, communication centers
and call centers. This impatience finds reflection in two ways namely balking and
reneging. In balking, customers are refusing to join the queue because it has reached a
certain length. Balking affects the arrival rate. On the other hand,reneging customers join
the queue and waiting for service, if the perceived waiting time exceed the customers
expectation then the customer leaves the queue. The reneging customer affects the
service rate. Haight [10] studied a queue with reneging in which he studied- a) the
problem like how to make rational decisions while waiting in queues, b) the probable
effect of this decision and ¢)behavior of a queue in which all persons are employing such
a procedure. Ancker and Gaferian [3] studied queueing model with balking and reneging
and obtained steady-state probabilities, mean number in the queue, probabilities of
balking, reneging, waiting etc. Choudhury andMedhi [4] analysed M/M/1/K markovian
queueing model with balking and a position dependent reneging and steady-state

probabilities are derived.

Palm [13], Reynolds [14], Cox [5], Jain and Singh [11] are worked on reneging
and gave the stationary solution of a multi-server queueing model with discouragement.
Abou-El-Ata and Hariri [1] studied multi-server finite capacity Markovian queue with
balking and reneging. Alseedy et al. [2] studied M/M/c queue with balking and reneging
and derived its transient solution by using the probability generating function technique

and the properties of Bessel function.
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Santhakumaranand Thangaraj [15] studied M/M/1feedback queueing models
with impatient for queue length at arrival epoch and obtained results for stationary
distribution. Kumar and Sharma studied M/M/1 /N feedback queueing modelwith

retention of reneged customers and obtained the steady-state solution of the model.

In the present paper, we have extended the work of Garg and Singla [8] for single
server by applying the concept of reneging. We consider a single server queueing model
with infinite waiting capacitywherein an arrival either leaves the system or re-joins it
with constant probability after being served once. The customers however leave the
system definitely after having received the service for the second time. Sometimesa
customer leaves the queue (renege) due to impatience before getting their service. Thus
we considerM/M/1 /oo feedback queueing model with impatient customers. Steady-
state queue length probabilities are obtained Laplace transform of the probability

generating function of transient-state queue length probabilities is also obtained.

The practical situation which corresponds to the above model can be that of a
service station, whereinthe customers arrived for repair or service of their vehicles. After
being served once, some customers are not satisfied due to ill-mannered services and so
they rejoined the service station again. Some customers have not enough time for waiting
so they reneges the queue. The manager of a service station can know the various

probabilities of the number of vehicles to be serviced or repaired by any time.
The queueing system studied in this paper 1s described by the following assumptions

(1)  Arrivals follow the Poisson distribution with parameter A and the service time
distribution of every unit i1s exponential with parameter p.

(i1)  The probability of rejoining the system is ‘p” and that of leaving the system is ‘q’
for the units getting first service, so thatp + q = 1.However the units will have to
leave the system after getting second service.

(1))  The unit standing at the head of the line join the service channel for the first time
with probability ¢; and for the second time with probability c,, so that c¢; +

C2:1.
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(iv)  The probability of a unit reneging during Atwhen there are n units in the queue is
r(n) 4t and also assumed that reneging follow the exponential distribution. If any
one of the (n-1) customers in the queue renege then the density function for the
minimum of (n-1) selections from d(t) becomes

dn-1(0) = (n — Dae~ "D
Also r(n)=(0m- 1«
(v)  The waiting space is infinite.

(vi)  The stochastic processes involved, viz

(a) Arrival of units (b) Departure of units

are statistically independent.

2. Definitons

P,EO) (t) = Probability that there are n units in the system at any time t and next unit is to

depart for the first time.

P,gl) (t) = Probability that there are n units in the system at any time t and next unit is to

depart for the second time.
P,(t) =Probability that there are n units in the system at any time t.
P,(® = P®) +PM(®) ,n=0 (D)

Initially
PP =1 and PP(t)=0,t>0and r(1) =0

The difference — differential equations describing the system are

d
aPé‘”(t) = AP (0) + ugP(®) + PP () o)

d
SR = =+ p+ (0= DRV O + AP (O + peyp(1 = 8,1)PL0 (0 +

(pciq + n(x)PIS?r)l v + HC1PI$.1+)1('C) ,n=>1 .3
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d
PO = =0+ i+ (n = DOPV ) + B, (O + (e, +na) P (0) +
up(c18n1 + CZ)PI‘(l()) ® + chqprsﬂ(t) ,n=1

1, for n=1

where &p 1= .
’ 0, otherwise

The steady- state difference equations describing the system are
}LPéO) = qul(o) + uPl(l)

A+ p+ (- 1Da)P?

= }\PIEE)l + peyp(1 — SM)P,EO) + (ucq + na)PIE?r)l + uclPIEi)l,n =1
A+ p+ (- 1Da)P®

= APIEi)l + (pcy + noc)PIEi)l + up(c18n,1 + CZ)P,gO) + uczqP(O) nx=1

n+1’

3. Steady - state solution of the problem
Using E f(x) = f(x+1), Egs. (6) and (7) give

279

(4

.(5)

(6)

(7

[(uc;q + na)E2 + {ucip— A+ p+ (n—1Da)IE+ K]P,EO) + uclEZP,ED =0,n>2

(8

[uc,qE? + ucsz]PrEO) + [(uey, +na)E? —{A+p+ (n— 1)aJE + )\]Pél) =0,n=>2

Solving (8) and (9) with help of determinants, we have

[naE? —{A+p+ (n—1DalE + Al[(ucyq + pcp +na)E2 —{A+p+ (n— Da —
. (10)

ucip}E+ Al =0,n > 2

The two roots of (10) are obtained by solving its first factor and we get

..(9)
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A+pu+(n—1Da i\/{)\+u+(n—1)a} ? _ 4na

2na

A+p+(n—1Da i\/{k+p—(n—1)a} 2+4a(u(n—1)—7\)

2na

_At+p+ (- DatA+p—(h—1a+ 8}
B 2na

where 6 is a small +ve quantity.

2(n—-1)a—38
2na

200+ +8
e (1)

Zgls always less than 1whatever may be the value of various parameters but z, is less

Therefore z; = and z; =

than 1 only when 2(A+p) +6 <2na. The other two roots z; , Zzare obtained from
[(ueiq + pey + na)E2 — A+ p+ (n— Do — pe;p)E+A] = 0
after putting the values of the parameters A, u, ¢4, C,p, g, in the quadratic equation. After

evaluating Z,,Z3; we find if any of these > 1, then to have convergence of solution that

root > 1 must be rejected.

The value of Prgo)and Prgl)are given by

3 3
P,EO) _ Z a;z" and prgl) = z bjz{' forn=>2
i=0 i=0

where zg,71,Z,,Z3 are the roots of equation (10) and a;, bj(i=0, 1, 2, 3) are arbitrary

constants to be evaluated. . In case z; > 1 take a;,b; =0;1=1, 2, 3.

Now from (5) and {(6) for n =1}, we find probability Pl(o) and Pl(l)in terms of PO(O):

3 3
0 1 \ 0
Pl( ) = }WLH{(pclq-i-oc) E a,z? + g E b,z? +kPé ) . (12)
=0 i=0
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1 3 3
T n {x(x +up)PS” —pafueq +a) Y az? + e Y b;z? - (13)
i=0 i=0

Eight unknown ag,a4,a,,as, by, by, by, bs (two unknown ag, by in case z>1 ; 1

= 1,2,3) can be evaluated from equation (6) for n=2, 3.4,5 and (7) for n=1,2,3,4 in terms
of Péo) and the value of PO(O) can be found by using the relation

[ee)

RY = 1= B+ P

n=1

Hence by using the value of ag,a;,a4,a3,bgbq, by, b andPO(O), the probabilities

P,EO) and P,El) are completely known for various value of n.

4. Special cases
(i) When there is no feedback
Puttingq=1;,p=0;¢c, =1; ¢, =0; P,El) =0; P,EO) = P, then equations (5) — (7)
reduce to
}\PO = le and (}\+ u + (1’1 - 1)O()Pn = }\pn_l + (u + HO()Pn+1
Solving the above equation recursively and we get

n A

P = Pollim 6o

,n>1 . (14)
and the value of Py can be found by using the relation

P, =1
=0

n

Therefore
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n -1
Pn:nu+(1—1)a[ znu+(1—1)a] (21
which coincides with M/M/1 with Reneging given by Gross and Harris [8] for
ri)=(>(—-—1a and b;_; =1
(i)  When there is no feedback and no reneging

Putting 0=0 in equation (14) we get

This coincides with M/M/1 classical model.

5. Transient- state solution
—at

Let reneging follow exponential distribution with density function d(t) = ae

where it is assumed that customer can renege at any time independent of number of units

in the queueie. r(n) = a,n > 1

Taking Laplace transform of equations (2) to (4) and using
P,(s) = fooo e StP,(t)dt; Res>0, we get
(s + MDPO%s) = 1 + pugPV(s) + uPM(s) .(15)

(s +A+p+all- nl)) PiV(s) = AP (5) + uesp(1 — 8,1 )PEV(5) +

(ueyq + WP (s) + pe, PP (s),n > 1 (16)

(s +A+p+ (x(l - 6n'1)) 1_3151) (s) = }\Eﬁ)l(s) + (pe, + (x)PISr)l(s)
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+up(cy 8y + CZ)ESO)(S) + uczqﬁgg}l(s) ,n=>1 ..(7)

It we define

PO (z.t) = z POz, P(0)(zs) = f e =St PO (7, t)dt
n=0 0

PM(z,t) = Z PV (D20 ,P(1)(z5) :f e StPM(z,t)dt
n=0 0

co

Pzt) = PO(z1) + PD(zt) and P(z,s) = j e=StP(z, t)dt
0

with |z| <1, then Laplace transformation of probability generating function of

transient — state queue length probabilities are

— 1 —

POs) = gl H(A@ —a—pep)(@l~2) ~12)~ (A@) - e (0 + P B (9) +
{(A@@) ~ - a)(eyqz — peypz? — az(l - 2)) — pejoz(l - 2)}B0(s)

ey 2(A(z) — o — 1) — peyoiz(l — 2) PV (s) + 2(A(z) — ey — oc)} ..(18)
_ 1 _
POzs) =gl re@+p2A@ —0z—u2) BV () +

+H(He,qz — peypz? J(—A(z) + o+ (g + pz) — e, (p+ qz)az(1 — 2)) P (s)

+H—(A(z) - OC)(LJ_CQZ +oz(l—z)+wp+ qS)(MCQZ + 01062(1 _ Z)}l_)l(l) (s)

+ZLC) (q+pZ)] (19)

1

P(zs)= B@)

[~(1 - 2)[{~A(2)(1q + o) + o+ 0t) — pe; pot — pe,y pz(er + 1)} B (5)
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+z{-A(z)a + a?— uzp(czq —c;pz) + peypo(l— z)}E0 (s)
+z{—(A(z)o + a? - uzczp —ue;pa(l - z)}E(l) (8)]+ z{A(z) —a

71102(]72)}] (20)

where A(z) = —Az?+(s+A+pu+ )z
and  B(2)=[A(z) ~pe (q+pz) - a][A(2) ~ pey — o]~ pPeiey (q +p2)
Let D(z) =K (2)K(z) — u*cic,(q + pz)
where Ki(z) = (2224 (s+A+p+a—ucp)z— (ueq + )
Ky(z) = (-222+(G+A+pu+a)z— (uc, +a)
Obviously K; (z) and K, (z) have two zeros inside the unit circle.
Let  f(z) = Ki@Ky(z) and g(z) = p’cica(q +pz)
If@| = |Ki(2) Ka(2)]

= (22?2 + (s+A+pu+a—puc;p)z— (e q+ || (—Az2 + (s + A+ p+ )z
— (uep + o]

2 (§+uc)§+ucy) for s=%&+in, |zl =1
> peic, = [g(2)]
Hence |f(z)] = |g(z)| on |z| = 1

Since all the condition of Rouche’s theorem are satisfied, so D has two zeroes inside the
unit circle. Let these zeroes be z,,,(m = 0,1) . Numerator must also vanish for these two

zeroes since P(z,s) is analytical function of z. These two equations along with equation
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(15) will determine the three unknown’sPO(O)(s), Pl(o)(s), Pl(l)(s) Hence the generating

function P(z,s) is completely known.
P, (s) can be obtained by using the following formula

1 d™P(z,s
—'¥ atz=0

B = n!  dz"

In either case P, (t)can be found by inverting the Laplace transform P, (s). Further
P(1,s) = %, as desired and P(0,s) = 1_30(0) (s).

6. Special cases

(i) When thereis no feedback

Putting g = 1; p =0, PD(z,5) = 0; PO(z,5) = B(z,5); P (s) = Py (s); B{”(s) =
P,(s); Fél)(s) = 0 in (20) we get

z— (1 —2)[(u+ )Py(s) + az P, (s)
A2+ (s+)z+ (u+a)(z—1)

P(z,s) =

.21
(i) When there is no feedback and no reneging.
Putting a. = 0 in (21), we get
z—(1-2)pPy(s)

P(zs) = —Az2+(s+A+z—p --(22)

which is same as M/M/1 for transient state.
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