Journal of Rajasthan Academy of Physical Sciences
ISSN : 0972-6306; URL : http://raops.org.in
Vol. 12, No. 4, Dec. 2013, pp 437-450

SKEW PRODUCT FLOW ON SOME FIBRE BUNDLES

SRABANI PANDA AND ARINDAM BHATTACHARYYA
Department of Mathematics, Jadavpur University, Kolkata-700032, India
E-mail:acharya.srabani@gmail.com, bhattachar1968@yahoo.co.in

Received : Sept. 19, 2013

Abstract : In this paper we study skew product flow on locally trivial fibre
bundle and non trivial fibre bundle and prove some results on distal properties in

this bundles over a Banach manifold.
Keywords : Skew product flow, fibre bundle, distal property.

2010 Mathematics Subject Classification : 53C44, 53C21, 58J35.

1. Introduction

Skew product flow was originated in the study of ordinary differential
equation, introduced by Sell and Sacker in [5], on the product space W = X xY of
two topological spaces X and Y . It was further studied by Miller [2], Miller and
Sell [3], Sell and Sacker [6] and Egawa [1]. In [5] authors defined distality of
projection map and they obtained equivalent criteria of distal property of projection
map. In this paper we have defined skew product flow on fibre bundle over a Banach
manifold and also obtained local representation of such flow. Then we have defined
distality of projection map on compact 77 — invariant subset of the fibre bundle and

have obtained equivalent criteria of distality of projection map on it.

2. Preliminaries

If W denote a topological space and 7" denote a set of real numbers R or the

set of intergers Z, then a mapping = is defined by

7w WxT —Ww 1iscalled a flow [5]if

1) 7 is continuous,
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i) 7(w,0)=0,

i) 7(m(w,s),t) =n(w,s+1),0 €W and s,t€T.
If T =R,z iscalled acontinuous flow. If 7'=Z, 7« iscalled a discrete flow.
A set M W is said to be 7 —invariant if ¥(®w)C M whenever @ € M
where M is positively or negatively 7 —invariant if y*(w) £ M whenever @ € M
where y " (w)={m(w,t):t€ Rt >0}
or ¥y (w)eM where y (o) {n(w,t):t€R,1<0}.

Let X and Y be topological spaces and let 7 = R or Z A flow,
T - X xYxT — X xY 1is called a skew product flow on X x ¥ [4] if there exits a

continuous mapping ¢ on X x ¥ such that ¢: X x¥ x7T — X and a flow c on ¥

where -y x7 — Y, w has the form (¢, 6) where 7 (x, y,t) = (¢(x, y,1),0(y,1))

V xe X,yeY,teT . Here we shall consider 7' =R throughout our discussion.

In [6] the authors also defined distal property of the projective map in the

following way.
Let 7=(@,0) be a skew product flow on y .y and A/ — X xY be a
compact 5 —invariant set with p: X xY — 71 be the natural projection and let
w(y)=card (p'(y) M), for ye¥ and X be also metrizable then p/M is said to
be of distal type(or M is said to have the fibre distal property) if for any two points
(x,y) and (x,,y) in p'(y)"M with x, # x,, there is an & = x(x,, x,,y) >0
such that

d(9(x,,3,0),0(x,, 1)) > &, L€R, D)

where d is the metric of the topological space X. If (1) holds for > then p/M is
said to be of positive distal type and if (1) holds for ; < ¢ then p/M is said to be of

negative distal type.
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A set M < X xY is said to be an N- fold covering space of ¥ with the
covering projection p, if Card p ' (¥Y)=N, 0<N <o and for each y Y, there
is an open neighbourhood ¥ of y such that p~'(7) consist of N disjoint open sets
U, and p/U;:U, =V is ahomeomorphism for each i =1,2,....N.

Sell and Sacker have proved the structure theorem in [6] which is given

below.

Theorem 2.1: Suppose = be a skew-product flow on XXY where Y is a
compact minimal set (where minimal set is a closed invariant set which contains no
proper subset with the same properties) in the flow o and X is metrizable. Let M be a

compact n-invariant subset of X x Y, Then the following statements are equivalent.

(A) p/Mis of distal type and there is a y, €Y such that u(y,) =N is finite.

(B) p/M is of positive(or negative) distal type and there isa y, €Y such that
Hu(y,) =N is finite.
(C H(y)=N <ow forall yeY .

(D) M is an N—fold covering space of Y with covering map p/M.

Also if any one of the above conditions is satisfied then M can be expressed

as a finite union of minimal sets M,,.. M, where M, are n; -fold covering of
Y,i=1,2.k and ny+n,+..+n, =N.
While proving the theorem 2.1 the authors obtained some observations,
which has important role in our paper.
Observation 2.1: If u(y)=N <oo and (C) holds for all yeVY, then
there is a B >0 such that for all yecY and any pair o, @, € p'(y) with
o, #0,. dp(o,1,0,1)=d(g(o,1),q(e,.r)>3p, for every pseudometric p and all

te R where gq: XxY — X suchthat g(x,y)=x.In other words, if (C) holds,
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then p/M is of distal type and then « = a(x,,x,,)) given in the definition of distal

type can be chosen uniformly equalto 35 .
Observation 2.2 When (C) holds, p/AM becomes an open mapping. In fact,

for every convergentnet {y, } mnYwith y —y,

limsup P '(,)=p '(¥) and p/Mis open.

Our objectives is to study skew product flow on a locally trivial fibre bundle.

3. Skew product flow on a locally trivial fibre bundle

In this section we state the definitions of locally trivial fibre bundle and skew

product flow on locally trivial fibre bundle and discuss distality on this space

accordingly Sell and Sacker [5], [6].

Definition 3.1 A topological space W is a locally trivial fibre bundle with
base space Y, fibre X and projection p, if

(i) W,X,Y areall topological spaces.
(i) p:W —7Y isacontinuous mapping of W onto Y.
(iii) For each yeY there is a neighbourhoood U of y such that
p '(y) is homeomorphic to the product space X x[Ji.e, there exists a
homeomorphism, ¢:X xU — p~'(y) such that for each y e U, the restriction of ¢
10 X x{y} is a homeomorphism of X x {y} onto p’l(y).

Definition 3.2 Let W be a locally trivial fibre bundle with compact base

space Y, fibre X and a projection p. A flow = on W is called a skew-product flow, if

there exists a flow oon Y such that p(z(w,t))=oc(p(w),)weW,t € R

In other words, is a skew-product flow, if p commutes with the flows mand o.
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Result 3.1 4 skew product flow = on W has a local representation of the
form  m(x,y,t)= (¢ (x,y,1),yt). where yt=c(y,t) where o is a flow on
Y. ¢ (x, y,t) is a continuous map from X x[J to X,U varying over a collection
of small neighbourhoods of'Y.
Proof: Let U be an open set in ¥ with the property that both p~'(U) and
p '(Ut) are homeomorphic to X xU and X xU.t respectively. Let
¢:p'(U)—>XxU and ¢': p'(Ut)—> X xU.t be the homeomorphisms, such
that (x,))eXxU,w=¢ ' (x,y)ep (U)W and z(w,t)ep (UL,
w(w(w,t))e X xU t and ¢'(m(w,1)) = (¢ (x, y,1),0(1,1)), where
b(x,y,0)=¢"om,o¢ '(x,y) is a mapping from W to X defined for all y U
and 1 € R, where ¢’ = (w,1). Thus we get the result.

Definition 3.3 Let 7 be a skew product flow on a locally trivial fibre bundle
W, with compact base space Y, fibre X and projection p. For this, we take M be a

compact « -invariant set in W, where W is metrizable. Then p/M is of distal type(or
M has the fibre distal property) if for, w,,w, € p ()M, w, #w,, there is an
o =a(w,,w,) >0 such that, d(z(w,,t),7(w,,1)) >, Vt € R. d being the metric
on W.

Now we state and prove a theorem as follows

Theorem 3.1 If 7 be a skew-product flow on a locally trivial fibre bundle W,

where W, X,Y are metrizable and Y is compact minimal with respect to the flow o

and if M bhe a compact rm-invariant set in W then the following statements are

equivalent
(A) p/M is of distal type and for some N, O<N <o,

w(y,)=Card{p ' (y,) "M}=N forsome y, €Y.
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(B)  p/M is of positive(negative)  distal  type and  for

Vol u(y,)=N,0<N <o0.

(C) Card{p (y)"M}=N, VyeY forsome NO<N <oo.
(D) M is an N- fold covering of Y.
Finally if any of these conditions hold then M can be expressed as the

disjoint union of M,,..M, of compact minimal sets where each M, is an n,
Jold covering of Y and n, +n,+...+n, = N.

Proof: As J¥ X ,Y are metrizable, the proof follows from Theorem 2.1 of [5].

4. Skew product flow on a fibre-bundle over a Banach Manifold.

Firstly we define Banach manifold, fibre bundle over a Banach manifold and
skew product flow on it. In this section we have obtained local representation of

skew-product flow on W.

Next such local representation of skew product flow on a fibre bundle has
been used to define distality of the projection map. At last by applying equivalent
local criteria of distality corresponding equivalent criteria of distal map on a fibre

bundle over a Banach manifold has been obtained.

Definition 4.1 A Banach manifold B is a topological space such that every
point has a neighbourhood, homeomorphic to an open set of a Banach space

possessing * structure.

Example: We can consider C” R" as Banach manifold.

Definition 4.2 A fibre bundle whose base space is a Banach manifold is

called a fibre bundle over a Banach manifold.
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Definition 4.3 If W is a fibre bundle with a compact base space B and

projection p then a flow & on W is called a skew product flow, if there exists a flow o

on B such that
plr(w,t))=c(p(e),t), oeW, teR. ...(2)
Now we prove a theorem as follows
Theorem 4.1 Let 7z be a skew product flow on a fibre bundle (p,W B)

with base space B (a real Banach manifold) and projection p and let the

corresponding flow on B be o Let b, € B, and b.t=oc(b,t)e B.1;B,, Bt being
open in B and let p’l(bl) and p’l(bl.t) be diffeomorphic to local bundles {u,} x E,
and {u 1} x F, where u, €U, respectively ( E,F being real Banach spaces) under
g and y, where ¢: p'(B) > U, xE, w': p ' (B.t) > U, txF,.

Then = has a local representation of the form gz =(c',¢') such that
7, e, t)=(c',.0,1),4'(u,,e,1)),e € E, where $'=y'om, o™ isa .~ map
from E, to I, foreach u eU,', U," varying over small neighbourhoods of u, in
U, at some time t and v is such that a(¢(bl),0,t):1//oa'(bl,t) Jor each
b, € B, (ie, o' isalocal flow on U, x {0})

Proof: For each (u,,e)eU,xE, w,=¢ '(u,e)ep (B)cW,cW.
Also z(w,t)e p'(B.t)cW . So y'(m(w,t))eU, txF,. As m is skew product
flow, p commutes with = and o. ie, p(z(w,1))=0c(p(w)t). Hence
z(w,1) = p (o (p(w),1)-

So y'(m(w,t))=w'(p (b)) €U, txF,. ie, local representation of
has the form 7, = (o', ¢ ) which is given by

7 (uy,e,t) = (o' (u,.0,1),4'(u,,¢,,1)), e, € L
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where ¢'(u,e,,0)=y' ox,o¢ " (u,,¢)) is a = map from E to F, for each
u, €U,', U, varying over all small neighbourhoods of #, in {/, and some time 7.

Definition 4.4 Let W be a fibre bundle with projection p and base B which is

a Banach manifold.

Let o be a flow on B and let (o,',¢,") be the local representations of a skew
product flow 7 on local bundles U, x £, i=1,23,...(£, being Banach Spaces)
Let Af — W be a compact 7 —invariant subset and g’ — g be a totally bounded
subset which is minimal with respect to o. Then, p/M is defined to be of distal type
(or M is said to have the fibre distal property) if for any two points W, #w, on W,
w,w.ep (b)nM, b eB' there is an o, =a,(e,e,,u)>0,i=123, .,
such that

P, (u, e .t)—0,(u, e, .0 )P, 2a,, teR ...3)

where p'(b,) is diffeomorphic to {u,} x E£, and p~'(b,.f) is diffeomorphic
to u,txF;, where e,,e,'e E,, ¢'isa o~ from L to F, for each u, €U," where

1

U,' is varying over all small neighbourhoods of #, in U, and some time ¢ and ||.||r is

denoted by P.Pr. Here p/M is said to be of positively (or negatively) distal type
according as (3) holds only for s> g (or < 0).

Definition 4.5 Let (p,W, B) be a fibre bundle over a Banach manifold B. A

set M c W is said to be a finite fold covering space of B if,

(i) foreach b e B, Card {p’1 (b) M} is finite.

(ii) If. Card {p ' (b)nM}=N, 0<N <oo, then there is an open
neighbourhood V of b such that p™ (V)M consists of N disjoint open sets U,

where p,:U, =V is a homeomorphism, for each i =123, .. N.
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We now prove the following structure theorem

Theorem 4.2 Let = be a skew product flow on a fibre bundle W, with
projection p and base space B, which is a Banach manifold. Let o be the flow on B

and let g' — B be a totally bounded subset which is minimal with respect to the flow

o. Then the following statements are equivalent
(A) PIM , is of distal type and there is a b, € B' such that (b)) = N, <o,
Jor some T —invariant subset M, of w where
wo(by) = Card{p™(b,) "M}
(B) PIM is of positive(negative) distal type and there is a b, € B' such that
Hy(b,) =N, is finite.
(C)  For each be B', 1 (b) is finite, where p'(b)=Card{p ' (b)nM'}, for
some g —invariant subset M' of W.
(D) There is a finite fold covering space of B'.
Proof: We see that obviously (A4) = (B).
To show (C)=>(A4), let us take any two points @,,®,'e W, o, # @,', such
that w,,®,'e p ' (B,), B, beingopenin pB’.
Let é:p ' (B)—>UxE and w,  p ' (B.) > U, txF  be
diffeomorphisms, where U,.t = ¢,"(U,.0,1), &,' being given by
0,'(4,(b,).0,6) =y, co(b,,1), b, € B,;E,, I being Banach spaces.
Let py' be some compact 7 — invariant subset of .
Let us consider M, < p ' (b,) "M, such that it is also 7 — invariant.

Let ¢(M,)=M," (say) cU,xE,.
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Now by (C), u'(b))=N'<o0,forsome N’>(,where
w(b)="Card{p ' (b)M"} .
So M,' also contains finite number of elements.
Let g, :U,xE —U,x0 be the natural projection.
Then qlfl(ul,O) NM,', (4,,0)eU,x{0} contains finite number of
elements. Again we know that = has a local representation of the form (o,',4,')
on U,xE,,where o' is the induced flow on U,' and ¢,'= w'om o isa

o0

¢” map from FE, to [; for each u, €U, and for some ;e pR. So, M,
remains (o,',¢,') invariantin U, x E, .

Thus condition (C) of Theorem-2.1 holds, hence condition (A) of Theorem-
2.1 follows. So ¢q/M, is of distal type. Hence there exists an
oy =oy(u,e.e')>0 such that, P, (uy,e.0) = ¢, (e, )P, 2oy, for  each

u, €U, e,e'e E andforsome ;e R.
Similarly, for B, ¢ B', B, being open, if p’l(BZ) is diffeomorphic to
U, xE,, p (B, 1) is diffeomorphic to U, x I, and if
M, < p'(b,)"M’',b, € B, be 7 —invariant, then we have,
P¢2'(u2,e2,t)—¢2'(u2,e2,,t)PF2 >a,>0,
foreach u, €U, e,,e,'c F, and forsome 1 € R o, = &, (15, e,,€,").

Now if we consider o' = min(a,,ct,)>0 and M '= M, UM, then

P(I)i'(ui:ei:[)_(l)i'(ui:ei:[)PFl_ Z(X,’ for each ul_ €U7U :(]1 uU27el_’el_'e Ei and for

some feR,i=1.2.
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Continuing this process and assuming pf = U M, M becomes a compact

7 — Invariant subset of W.

Also for any bl-EB'ZUl_BI- and o, 0, p'(b)~M, there is an

o =inf;{c,} such that P9, (u,.e,,t) — 9, (u,.¢,.)P, >,

ioVios

i2 727

for some 7,i=1,2,. u, eUZUl_U.'e. e'ell, and for some ;.o p. Taking
M =M, ,itfollows that p/M, is of distal type.

The 2nd part follows from (C) by taking b, = b . Thus proof of (C) = (A)

is complete.

Now we have to show (B)= (C), and so let b, € B'C B be given with
Hy (b)) =N, <o and let b be any other pointin p’.

Since B’ is minimal, i.e, B’ is non-empty, closed and & — invariant, the set

¥ (by)={o(by,1),1€1, ,1=20} isdensein pr.
Therefore, there is a sequence {f,} in R such that
b,t, = b where b,t, =0c(b,,t)).

Since (b)) =N, <o, let p (b)) M = {0)170)27~~~70)NO}7 M being
compact s —invariant in .

Now let p '(b,) be diffeomorphic to {u,}xE, and p '(byt) be
diffeomorphic to {u,./}xF, under ¢, and w,’, and let (o,'.¢,') be a local

representation of .

By positive distal property of the projection map p, there is an

o =a(u,,e,e,) such that
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P(I)o'(uo:eo:[)_(I)o'(uo:eo':[)PFo 20(’: (4)
foreach u, €Uy, 0,0, € p (b)) "M, o # w1, j=1,2, Ny,
e,,e,' €Iy, andforsome ;> .

We choose subsequences (@145 1@y 4} where 7z(w,,t,)=w,1,
i=1,.,N,.

Then they will converge to limits, say 031,~~~,03N0 ( as p commutes with the
flowand b, >b in B').50,8,,0,.6, €p ().

Now from (4.3), Po,(1y.¢€0.2,) = 0oy, €,1,) Py =01, 1,20,

Taking limits as » — oo and considering continuity of P- PFo , we have

Pg'(u,e,t)—¢'(u,e',0)P, >cx, uclU, ee'cE
where ¢: p (b)) >UXE, yw' :p ' (bt) >UitxF are diffeomorphisms,
p=y'om g is ¢ mapfrom( E to I)forecachuel, teR.
So,taking ¢:U x E —U x {0}, as the natural projection,
Card (¢ '(u,0))> N, .Now we show that, Card (¢ ' (#,0)) = N, .

If possible, let  Card (g '(#,0))= N, +1. Then considering bt, —> b,

in g’ and arguing similarly as above, we shall get
Card(q ' (u,,0)) > N, +1
and hence  zu(b,)=Card{¢ ' (¢ '(u,,0)) = N, +1,
which is a contradiction to the fact that u(b,) =N, .

So u(b)y=N, <o for pcp'.
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Thus we see that (C) follows from (B) where N'= N and pz7' = 7.
Next we have to show (C)= (D) .

Letus fix anelement b€ B, — B', B, being open.

Let 6. p'(B)>UxE and y':p ' (B)—>UixF be
diffeomorphisms, where £, /' being Banach spaces.

As 4/'(b) is finite i.e, Card {p (b)) M} is finite, for some 7 —invariant
subset js7 of W, so taking M, c p ' (b)) "M, as z —invariantin W, #(M,) also
contains finite number of elements.

Let g :U x E — U x {0} be the natural projection.

Then Card(q ' (U x{0})n¢(M)) is finite. Let these eclements be
€,€,,....ey . By theorem 2.1, ¢/¢(M,) is of distal type.

Thus condition (C) of theorem-2.1 holds. Now by observation-2.2 of
theorem-2.1, ¢ becomes open. Further from observation-2.1 of the same theorem,

there is a B>0 such that for each , cr7, and for any pair of elements

e,e, ep(M), i+].

Pé'(u,e,t)—¢'(u,e,',00P, 238 forsome reR.
So, proceeding as in theorem 2.1, it is found that there exists some
0 < N'<oo such that #(M,) is an N’ — fold covering space of U with covering

map ¢q/¢(M,). ie, for each (u,0)eU x{0} there is an open neighbourhood
(u,0) €U x {0} such that ¢ (U x{0})~¢(M,) consists of ' disjoint open sets

U, xE; where q, :U,xE, - U x {0} is a homeomorphism foreach ;=12 . N'.
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Then ¢’1(Ul.><El.)=(7i are disjoint open sets in  p'(B)~M' for
i=12,..N'.
As p commutes with the flows, so p,=¢ °q, o4 becomes

homeomorphisms from (71 to open neighbourhood B, of .

Thus from definition-4.5, Az is a finite fold covering space of B, .

This completes the proof of the Theorem 4.2.
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