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1. Introduction

For a real or complex parameter o, the generalized Euler polynomials
E7(x) of degree n in x as well as in o are defined by the following generating
function [3.4] :
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2. A recurrence relation for g (y)

In this section, we derive the following recurrence relation for £ (x)
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Using Binomial expansion, we get
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Comparing the coefficients of various powers of 7, we get
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Generalized Euler polynomials and their properties....

Clearly, we have
EP(x)=E,(x)
Again the equation (1) can be written as

o« t/2 t(xil) 0
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We also know that the generating function of generalized Euler number is
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Therefore

—0 n=0

By the Cauchy product rule for multiplying power series, we easily arrive at

Ez () =i[ZjE:2" (=)

Particular cases :

@) Put x=1/2 in (2) we get the generalized Euler number [2]
E*(1/2)=2"E* and E* =2" E*(1/2)

(i1) Put 0=1 in (3), we get the ordinary Euler number £ as

E =2"E (1/2)
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(i)  For a=1, (2) reduces to the well-known recurrence relation of Euler

polynomials :

E@=3[]E2 ey

3. Properties of generalized Euler polynomials

In this section, some interesting properties of generalized Euler polynomials

are derived by using the generating function (1).
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Property 1 (Differentiation formula) :

%[Ej (x)] —nE* (x) -.(6)

Proof : Differentiating equation (1)with respect to x both sides, we get
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Comparing the coefficient of t—' , we get (6).
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Particular case : For =1, we get the property of ordinary Euler polynomials as
d ,
d—[En W=E@=nE,x L )
X

Property 2 (Addition formula) : For n>1, we have
EX(x+ D)+ E*(x)=2E“"x) ®)

Proof : Replacing x — x +1 in (1), we get
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Adding equations (1) and (9), we get
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Comparing the coefficient of [—' , we obtain the addition formula (8).
n!

Particular case : When a=1, and using £’(x) = x", we get the property of Euler

polynomials|5] :
E(x+D)+E (x)=2x" ...(10)
Property 3. E%(a—x)=(-1)"E%(x) -(11)

Proof : Replacing x — o — x in (1), we get
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Comparing the coefficient of

Particular case .When o=1,we get property of the ordinary Bernoulli polynomials
EX(1-x)=(-D"E,(x) e (12)

Property 4. (Addition theorem) :

E“P (x4 y)= Y ESES  (3) (13)

k=0

Proof : Putting o« > a+p andxbyx + yin (1), we get
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By the Cauchy product rule for multiplying power series, we easily arrive at (13).

PropertyS: E%(x+y)= Zn:[njE,f‘ (x).y" " -.(14)

k=0 \k

Proof : Replacing x by x+ y in generating function (1), we get

(2)11 e(x+y)t 0 o [n
B e _Npepspl
@ +1)° ZO AR
(2)aemeyt _ iEoc (x+ )i
or @+ =Y
Sy Lo s )
or — " n!~n:0y nl =" ‘ n!

By the Cauchy’s product rule for multiplying power series, we get (14).

Now if we put y=1 in (14) we get

Er(x+D)=Y (njE“(x). .(15)
Particular case : When o = 1, we get the recurrence relation in terms of Euler
polynomials :

EG+D=Y["|E . .(16)
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Proof . Differentiating (1) w.r.t. 't and multiplying both the sides by t, we get
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Equating the coefficients of [—' , we find that
nl!
Eog _ 21 124 o+l (18)
n+l (x) - x'En (x)_EEn (x+1)
But we know that by
E* (x)=2.E*(x) — E* (x) -..(19)
Putting the value of (18) in (19), we obtain
a a 24 a o+l
5 () = b () = S 1287 ()~ 57 (0]
a+l 2 a 2 a
or En (x) = ;Enﬂ (X)'f‘;((X—X)En (x)
Particular case : (i) Putting x=0 in (17), we have
a+l 2 a a
cr==cr,+2c2 L (20)
o

(i1) Also putting o=1 in (17), we get a known result for ordinary Euler polynomials
[1]:
E2(x)=2.E,, () + 21 - D), (x) o
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