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Abstract : This paper presents an analysis for a single server queueing model
with feedback and balking in which the inter-arrival time and service time
follows exponential distribution. The steady-state queue length probabilities are
obtained. Laplace transform of the generating function of the transient-state
queue length probabilities of the queueing model are obtained. Some special

cases of interest are also derived.
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1. Introduction

It is seen that in a fast paced World, these day’s customers are very hard
pressed for time and hence would usually prefer not to be involved in the act of
waiting in any form. However queueing and waiting for service is unavoidable in real
life. Consequently customers react to waiting for service in different ways. This
reaction is a reflection of their impatience. One of the modes in which customer
displays his impatience is balking. Balking is referred to reluctance of a customer to
join the queue. A situation of balking is shown in conditions like impatient telephone
switchboard customers and hospital emergency room handling critical patients. In
this paper, we are going to generalize queucing model with combine effect of
feedback and balking. Feedback in queucing literature represents customer’s
dissatisfaction because of inappropriate quality of service. In case of feedback after

getting partial or incomplete service, customer retries for service. The served unit
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cither leaves the system or rejoins it with definite probability. Finch[3] introduced the
concept of feedback through his paper “Cyclic queues with feedback™. By balking we
mean the phenomenon of a customer arriving for service into a non-empty queue and
leaving without joining the queue, when he finds too many customers lined up in the
system. The factors which influence the decision of a person to join a queue or not
may be considered under two general headings (a) those relating to importance of the
work for which the customer has arrived (b) those relating to the obstacle which the

queue presents, namely the waiting time which he must experience.

The combined effects of balking and reneging in the M/M/1/N queues have
been investigated by Ancker and Gafarian [1],]2]. Wang and Chang [9] generalized
this work to study M/M/C/N queues. Depending upon generating function technique,
Kumar and Parthasarathy [7] investigated transient solution of M/M/1 queue with
balking. Tarabia [8] analyzed transient and steady state solution of an M/M/1 queue

with balking, catastrophes, server failure and repairs.

Here we have generalized the work of Garg and Singla [4] for single server
by applying the concept of balking to take into consideration the broader perspective
of customer’s impatience. We are going to consider single server queucing model
with feedback and balking with infinite waiting capacity. In this paper, we consider
M/M/1/«  queueing model with feedback and balking and obtained steady-state
queue length probabilities for the problem. Laplace transform of the probability
generating function of the transient-state queue length probabilities have also been

obtained.

The practical situation which corresponds to the above model can be that of
an arriving customer to a chemist shop for buying medicines. On seeing long queue
at the shop an arriving customer may leave the system that is balking. The
shopkeeper satisfies the customer either in one service or in two services. The
customers after getting the first service, if found unsatisfactory (for example if he

finds the given medicine is expired one or he forgot to buy some other medicine) is
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again sent in the queue for service. The shopkeeper can know the various

probabilities for the number of customers to be served at any time.

The queueing system studied in this paper is governed by the following

assumptions

1. Arrivals are Poisson with parameter A and the service time distribution of

every unit is Exponential with parameter p

2. The probability of rejoining the system is p and that of leaving the system is
g for the units getting first service, so that p + ¢ =1. However the unit will

have to leave the system after getting second service.

3. The probability that the unit joins the service channel for the first time is

assumed to be ¢; and that for the second time is ¢, , so that ¢;+ ¢, =1.

4. On arrival, a customer either decides to join the queue with probability. The
arriving customer joins the queue definitely, if the number of customers in
the system is less than ‘%’. It may balk with probability 1-B or joins the queue

with probability (B) if the number of customers in the system size is >k .

5. The waiting space is infinite.
6. The stochastic processes involved, viz.
a) arrivals of units
b) departure of units , are statistically independent

2. Definitions

P (t) = Probability that there are # units in the system at any time fand the
next unit is to depart for the first time.

PP (¢) = Probability that there are # units in the system at any time ¢ and the
next unit is to depart for second time.

P (t)= Probability that there are 7 units in the system at any time 7.
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PO=PO®)+P®), n=0 . (D
Initially,

PP0)=1 and P"(1)=0, n>0

The difference differential equations describing the system are

d

©) _ _4 pO © M _
EE) =M (O +ugh T (O + BT (@), n=0 Q)
d
EPW(O)(T) ==+ WPV () + 0B, (1) + pe,gP, ) (1) + pe, P (1)
+pe, p(1-8, )P (1), O<n<k-1 .. (3)
d
EP () = =0+ WP (6) + AB () + ne,g P (1) + pe, P (1)
+u(e,d, , +¢,) pP(1), O<n<k-1 o
d
EP () ==(MB+ WP () +[MB+ 23, ., (1=BIL () + pe,gPl (1)
+ue, PY (1) + ue, pP (1) n>k
ue, P (0 + e, pPO (1), 5
d
Epnm () ==+ WPV O +[MB+23, 1y (1= PIPE () + peygPLL (1)
+ue, P (1) + ne, pPO (1), nzk ..(6)
1, forn=1
where § | = .
’ 0, otherwise

The steady-state difference equations describing the system are

pP® = gP® + P A7)

(p+DP® =pP? +c,gP +c,P +¢,(1-5,)pP®,  0<n<k-1 -8

n+l n+l
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(p+DP" =pPY) +c,gP) +c, P +(c8,, +¢,)pP”,  O0<n<k-1 -.09)

n+l n+l
(PB+DP” =[pBp+pd, .1, (1-BIPY +c,gPl) + P + ¢, pP”, n=2k ...(10)
(PB+DPY =[pB+p3, 1, (I-BIP +rgP ) + &, P +¢,pP” 2k ..(11)
Taking the Laplace Transformation P (S)= I:e*” P ()dr; Res>0 of (2) -
(6) and dividing by p

[P+ i]FJ%) - L P+ BV () (12)
0 0

[p + ﬁ + 1] PO s)=pPY) (s)+c,qP5 (s) + ¢, P (s) + ¢, p(1-8, )P (s)
O<n<k-1 --(13)
[p + i+ 1] PV (s)=pPh(s)+c,qP () + ¢,PL(8)+ (¢S, +¢,) pP " (s)
O<n<k-1 --(14)
[pﬁ o 1]]3"(0)(” =19+ 03, ., (1-BIPE () + €gPo(s) + € B + 6 PO (s)
n>k (15)
(p ' ﬁ”]ﬁ”m(s):[p B8, s (= BIRS ) + a5 () + .1 ) +exph " s)

Definitions

pe (z,f) = ZE;(O)([)Zn ) Pl(Z,[) = ZPW(I) ([)Zn
n=0 ’ n=0

HO _[® —stpo
P(z.) = P*(z.) + PO (z.0) P(z.9)=[, e "P (20

Pl(z,5)= Iowe’”Pl(z,t)dz; P(z,s) =f0 e "P(z,0)dt with |z|<1

3. Steady-state solution of the problem

Using Ef(x)= f(x+1), equation (10) and (11) becomes
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[e,q(EY +{c,p —(pB+ DYE + pBIP” + ¢, E* PP =0, n>k+1  ...(17)
[e,q(E)* +¢,pE1P +[c,E* —(pB+DE +pB|P" =0, n>k+1  ....(18)
To have solution of above system of equations, we must have:
(E-D{(pB+1)(c,g +¢,)E* —pB(pB+2—¢,p)E +(p)°} =0, n>k +1---(19)
The values of P and P are given by

2 2
P = Zalz” and P = Zblz” for n>k+1

i=0 i=0

where 7z z .z are the roots of (19) with z =1 and a,b:i=0,1,2 are arbitrary

constants to be evaluated. The other two root of equation (19) are

A
z, = PP and z, = PP , p=—<1 ..(20)
pp+1 ¢, tagq B

71 1s always less than 1 but 7, 1s less than 1 only when pB <(c, +¢,q). So we have
two or one root <l accordingly if pf<(c,+c¢gq) or not. In case z >] take
a,=b,=0.

To have convergence of the solution a root >1 must be rejected.

Thus rejecting , we have

2 2
PO = Zaiz” and P = Zblz” for n>2k+1
i=0

i=0 i=
From (10) and (11) for n = k +1 we can get probabilities P* and P .
Subsequently putting the values in equation (10) and (11) for » = k we can get P
and P . Further substituting these values in equations (8) and (9), we get the
probabilities P M PO PY ... P®and PV in terms of P . Four unknowns

a,,a,,b and p, (two unknown a; and b, in case of z, >1) can be evaluated from
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equations (7), {(8), (9) for n=1} and {(10) for » = k + 2} in terms of P and the

value of P can be found using the relation 7" =1-> (P{” + ).

n=1
Hence by using the value of a;, a, by and b, and P the probabilities

P and P are completely known for various values of .

4. Special Cases
(i) When there is no feedback : Putting g=1, p=0,¢,=1c,=0,P" =0,

P =P, then equation (7)—(11) becomes

pF, =P, ...(21)
(p+DP, =pP _,+P,, O<n<k-1 ...(22)
(PB+DP, =[pP+pd, (1 (1=B)IE,, + £, nzk -(23)

Using Ef(x)= f(x+1) on equation (23), we get

[E* —(pB+1E +pBIP, =0 n>k+1
o . . AP
The above auxiliary equation is solved by E =1 and E =pp 1.e. —<1.
0
Rejecting E = 1, we get
P =a(pB) nxzk+1 .(24)

(where ‘a’ is a constant to be evaluated)

Using P, =a(pB)*" in equation (23) for n =k, we get
b =a(pB)

and using these in equation (22), we get
b= apkilf’k

and soon, P, = ap’B* = ap*



380 Tanvi Jindia, P.C. Garg and Neelam Singla

n 1
Since zpn =1 therefore, we have ¢~ = >
E B P+ Y (0B’
n=0 n=k

Put in equation (24), we get

P (- ) n>k+l
BkZp” + Z(PB)”
and h=—g a 2
BkZp” + Z(pﬁ)”

(ii)) When there is no feedback and no balking :

Putting g=1,p=0,¢,=1,¢c, =0;P"V =0,P” =P, ,B=1 in equation (7), then

equation (11) becomes
ph, =h
(p+DP,=pF_+PF,,

using  Ef(x)= f(x+1) onequation (26), we get

[E> ~(p+DE +plP, =0

The above auxiliary equation is solved by E=1 and E=pi.e. A/p<l1.

Therefore rejecting E =1, we get
P, =a(p) nzl
Using the value of P, in equation (25) we get

P=a

Since an =1 hence g=(1-p)

n=0
Therefore P =(1-p)p” and P, =(1—-p)

which 1s same as in M/M/1/ o classical Model.

...(25)

...(26)
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Laplace transformation of probability generating function of transient -

state queue length probabilitics

PO (z,5) =%[a—A){(clpz—c2q>zE<°>(s>—czzE“> ()}~ e, (g + pz)— 234
zZ

402 IPO(s) + 2/ A )~ pz(l - D) A - )1-P)S PO(s)z"

eprl-1-PY PO, |zl o

1

PO(z,s)= e [{zA(¢, pz — c,q) + ¢,q2(q + ¢, pz) — ¢, pz* (pz + )} BV (s)
z

+{(q+ p2)c,(z = PO (5) — ey 2l A— (g + p2)IBV(5) + = {e, (g + 2p)}
1)
—epe(l- D)1 -B)g - p2)3 PO(s)" — pe(l—2)1- )[4

g S P |zl 08)

P(z.5) = %[—(l —2){pz(erq — e, p2) B (s) + pze, B (s) + (g + pze,)P(5)}

Hz/ Wi - p(l=2)} —pz{d + (1 - 2)e,py(1 - 2)(A - B)Z P (5)z"

--Ppetd-1-2ep S EOOFL 1zl o)

where Q) ={(A—c/(q+ p2)(A—c,)}~ (g + p2)ee,.

A= {—pBZZ + [i +pB+ ljz}
i >

D=K,(2)K,(z)—cc,(q+ pz) -
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Kl(Z) :_pBZZ +[£+pB+l_clp]Z_clq
n

and K, (2)=(-ppz’ + (s/m+pp+Dz—c,)
Obviously K,(z) and K,(z) have two zeroes inside the unit circle.

Let  f(2)=K,(2)K,(z) and g(z)=(q+ pz)cc,

Then |/ @)1=] (-pBz* + [ﬁ+ op +1—c1p]z Sl
| (—ppBZ’ +[i+pﬁ+1]z—cz>|
18

=(E+e,)E+¢) for i=§+in,|z|:1

>cc, 2 | g(2)]

Hence | £(z)>| g(z)| on |z| =1

Since all the conditions of Rouche’s Theorem are satisfied, so D has two
zeroes inside the unit circle. Let these zeroes be z, (m =0,1). Numerator must vanish
for these two zeroes since P(z,s) is an analytical function of z These two equations
along with equation(12) will determine the three unknowns P'”(s), P'”(s), and
P (s) (in case k =2) along with equations (12) and {(13) and (14) for n =1}will
determine the five unknowns P (), L (s), P (s), P (s)and P,"(s) (in case k=3)
and along with the equations (12) and {(13),(14) fork=1,23....... k-2} will in general
determine the (2k-1) unknowns PV (s),P”(s), PLV(s),.....,.PL (s) P (s) (when
number of customers = k). Hence the generating function P(z,s) is completely

known.
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P, (s)can be obtained by using the following formula

"

d P(z,s) atz=0

= 1
P(s)=—
(5 nldz"

In either case P (r) can be found by inverting the Laplace transform P ().

Zero

Further P(l,s)= 1 , asdesired and P(0 ) =1im P(z,s) =
N z—0 Zero

On using L” Hospital’s rule, it can be shown that P(0,s) = PO (s)
SPECIAL CASES
(i) When there is no feedback i.e. M/M/1/x model with balking :

Putting ¢=1,p=0;P(z,5)=P(z,5),P"(z,5) =0 and P} = P,(s), we get

P(z.5) =#F—a—zﬂ%(s)—(1—z)<1—ﬁ)pz§12 (s)z"} - (30)

(A-D[p
[p:&<l;|z|£1]
0

where A={—pBz’ +(s/u+pp+1)z}

(ii)) When there is no feedback and no balking :
Putting B =1 in equation (30), we get
(z/w)-0-2)B() _ (z/w)-0-2)B()

F =
(z.5) 11 2 .
—-pz +|p+—|z+(z-D

L

, (31D

p=A/p<l|z|<1

This coincides with equation (28) of Garg and Singla [4]
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