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1. Introduction

The balanced data are those which have equal number of observations in all
the subclasses of the model. For other properties of balanced data refer Searle [6]. On
the contrary sides the unbalanced data are those wherein the number of observations

in the subclasses of the model is not all the same.

In nested designs or hierarchical classification the entire experimental arca
under study is subdivided into a large number of relatively smaller arcas which are
the first-stage classes.. Further, each of these arcas or classes is subdivided into
various sub areas or subclasses which are second-stage classes. This process

continuous till we get the four-stage classes. In unbalanced nested designs, the



346 Anita Mehta and M. S. Dulawat

number of observations or units or the number of division of a particular class at a

particular stage are not all equal.

Exact and approximate tests using unbalanced nested design have been
discussed by Tietjen [7] and Tietjen and Moore [8] respectively. Bozivich, Bancroft
and Hartely [2] and Brar [3].

derived exact and approximate tests for three-stage unbalanced design. In
this paper, we have developed the process of testing the hypothesis H :af =0
using conventional F-test. Here we consider the linear model for four-stage
unbalanced design as

Yija = #+a; +by to Tejg (D

All terms in right hand side of the model except p are assumed to be

independent and normally distributed random variables with zero means and

. 2 2 2 2 .
variances 6,,6,, o and G respectively.

b:

Tablel. Analysis of variance table for four-stage unbalanced nested designs

. Degr f Mean
Source of variation cgrees 0 ca EMSS)
freedom squares
Between A classes 77, =a-1 YQY=My 5210024 0407 +250°
! = 2 2 2
Between B classes p=Sh a YQY=M;  52476247,0]
i

within A classes

Between C classes YQY=M; 247,02

a b a
= Xne ~ b
i i

within B classes

within C classes a b, Y'QY =M, o2

i Jo. LS T a b J
where Q1= I_ZZZ:_Uk ,QZ - ZZZ:_Jk_ZZ nnJ
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b a

A Y Jnijo N Jni _ Jni Ja
he 21: j g_z 1 ’Q4{Zi: n; _?}’
, Wok) r = ko k) oo (k)
" (e-b) - b-a) - (b-a) -
1:3:(1(5_1(3) T :(k4_k2) _(N—kl)

@1) - @) 0 @)

k
where J, denote an (n x n) matrix of unit elements and z A, , the direct sum of

1

matrices A4, A4,,....., 4, asin Searle (1971) and

a a b a b G
= . = .. = n.. = =
b Zbl ,© ZZCU N ZZ ik, Moo Zznijk,nijo Znijk_
1 1] i ]k i k k
The k’s that define in the above relations are functions of Ny ’s namely,
a a bi 5 a b1 cl_l 5
2
anoo ZZ 1jo Zzzngk
k, = ky=—" k=13
N 2 N 3 N .
2 L2 L2
a | b nj, a | b G nj, a b | Y N
9053 DI FIES 315 3) S IO 3) 3D o
i j 100 i 7k 700 ] k 0

where Y, is equal to the sum of general mean p and independent normal variables

a.b;, ¢, and ey, , the vector Y is distributed as N(y, J, M), where ] denotes an all

one column vector. The variance-covariance matrix M can be expressed as

j\4zae2 I +UCZZZZJnUk + sz ZZJnU + 05 Z‘]nl (2)
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In testing the hypothesis H IGi =0 against the alternative hypothesis

H, :o; > 0. We have seen from ANOVA table that an exact test of the hypothesis

2
a
2 . . .
H,:0,=0 is not possible in general because T, #7, andt, #7,. When

Ny =n and Cj = k for all 1, j and k, an exact test is available because under this

condition T, =7

=75 and't4:'t

5 -
Approximate Tests

When there is an unbalance at the third and the fourth-stage, we construct
approximate F-test for testing the variance component of treatment effects using
Satterthwaite’s [5] procedures. These tests are applicable where the design structure
is such that the mean squares of main classes and subclasses are distributed
independently and have chi-square type distribution which generally does not hold
for unbalanced designs.

Approximate F- tests with positive coefficients

If M'is a linear combination of independent mean square with expectation

equal to (Gg i 1363 +1, Gﬁ) i.e. E(M,)/H, . then test statistic for testing H, will

be

M

F] — 4 (3)
M!

Ias Ias Ias

where M, =0 +730, +7,0; under H,:o;=0 and M'=c}+7y0. +7,0;

To obtain estimates of the variance components is accomplished by

equating expected and observed mean squares in the ANOVA Table 1 as follows:

A MS_MI_%(MZ_MI)
0

AN
62 :M 02 :M and UbZ:
[ 1 ¢
7, T

M'=[CM; +(C, -C,C5)M, +(1-C, -C3 +C,C5)M, ] e
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On putting L=c,, B2 =c,, B¢,
%o %o )
where (1-C, -C; +C,C5)<1, (C,-C,C5)>0, Cy<1.

Distribution of F,

2
For positive coefficients F, :% M, is distributed as o} “ and M, and

m
ZZ ZZ
M; are distributed as dzn—uz andd377—u3, respectively (Box [1]). Then M' is
2 3
distributed as
V4 " V4 2 ZZ
Cydy 22 1+(Cy —C\C3)dy 222+ (1-C, —C3 —C\Cy o 22 (3

73 up) ™
By Satterthwaite’s approximation. M' has approximately a chi-square type

distribution i.e. M' is approximately distributed as g; ;{;fl from (5) we have

E(M)=E (glggfl)z gh, = o, (say)and V(M) =Var (ng;i): 2g? h, , where

4 4 4
c3 2+(C2 —C1C3)2 72y (1—C2 -Cs +C1C3)2 o
g = % Uy Jh | and
=

[C3‘732 + (Cz —C1C3)‘722 + (l -C, =G5+, Gy )‘712J

_ [C3U32 + (Cz _C1C3)022 + (l_cz -G “‘C1C3)012]2

hl
4 4 4
C3 2+(C2 ~C\C5 ) 724 (1-C, =C5+C,C5 ) I
] Ly T
where 52 = 4, _ E(M,)and 2 _dabs _ E(M,) and the M.S.S. M, is approximately
P! 3

distributed as d4xi4 /m, Therefore, F; is approximately distributed under the null

2
hypothesis Hy as F, ~ U—;‘.F(U4,hl)

On

where gi:M:E(M4)and(l-C2-C3+Cl C3)>0, (C,-C,C5)>0, C3>0
T4 ’
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Approximate F-tests with mixed coefficients

According to Gaylor and Hooper [4] the lincar combination of mean
squares MS (say) is grouped in two parts i.e. MS = MS; — MS,, where MS; is a lincar
combination of mean squares with positive coefficients having m; degrees of
freedom and MS,, the linear combination of mean squares with negative coefficients

having m, degrees of freedom. The simulation studies made by them suggest that

A MS . . . . 2 .
is approximately distributed as x% provided
fo E(MS) PP f
MS,
= >F, , (0.975)-F, . (0.50) for m, <100 and m <2m,
MS 2>'71 1-7742
2
A PR A
where f, Gl and p:MS1 >1
L MS,
ot
me ny

Under the above condition, Satterthwaite’s [5] procedure can be used on
functions of mean squares that involve differences as well as sums (Searle [6]). Thus,
the following test statistics are constructed using negative coefficients. In the statistic
F,, the coefficients (1+C, C,-C,-C,) and (C, -C, C,) both are negative then

' M4

- .(6)
1 [C3M3 _(CICS _CZ)MZ _(CZ +C3 _Cl C3 _I)Ml]

where (C,C; - C, ) and (C,+C,—1-C,C;) are absolute values of the coefficients
(C,-CCy)and (1-C, —C; + C,Cy) If one of these coefficients is negative then

statistic will be in following forms

Fr= M, (D
[CsM;-(C) C5-Cy )M, +(1+C, C5 -C, -C3)M ]

" _ M4

..(8)
: [C3 M3+(C2'C1 C3)M2'(C2+C3'1'C1C3 )Ml]
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For F/, MS, 1e. (C\C5 =CM, +(Cy +C5 =1-C,C5 M, is approximately
. . . . 1,2 . .
distributed (by Satterthwaite’s approximation) as £;X ] taking expectation and

variance of MS, and solving, we obtain

4 4
|:(C1C3 _Cz)z % +(C2 +C5 -GGy _1)2 UI}
gl =L L2 n and

l(C1C3 -G, )022 +(C2 +C5 -GG _1)012J

[(C1C3 -C, )022 + (Cz +C;-CCy - 1)012 ]2

Iy =

4 4
|:(C1C3 —Cz)z 072+(C2 +C5 -GG _1)2 UI}
) ™

Where o35 = Iy _ E(M,) under H,. Therefore MS, is approximately distributed as
2

2
ol ! #n For F| to be valid, the following condition must be satisfied:
1

1

C3M;
[(Cl Cs- Cz)Mz +(C2 +C5-1 'C1C3)M1]

> Fy,, (0975)-F, ,(0.50) .9

For v, <100 and vy <2k . Consider the statistic F' given by (7) where
MS, =C3 My +(1+C,C5-C,- C5)M;  and  MS,=(C, C;- C,)M,. The linear
combination of MS; (by Satterthwaite’s approximation) is approximately distributed
as gi'x }21,1, . Taking expectation and variance of MS,; and solving we have

2 __4 4
G395 (14,0 -Cy—Cy P oL
L3 n

"__ r 1'
@ lC30£’ +(1+C,C5=Cy _C3)012J

B'= [6'303 +(1+C1C3 -C, _C3)012]2

and 2 4 4
S e

U3 U
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where E(M;)=03 = D03 s nder H, Thus, MS; is approximately distributed as
73

2

”h” " to be valid, the following condition must be satisfied.

hl

[CsM, + (1+CCy-C-C) M, ]
(C.C,-C )M

>F, . (0.975)- F,,, (0.50) - (10)

For 4'<100 and 4'<2v,
Consider the statistic 7" given by (8). Where MS, =C,M, +(C, -C,C;)M,

and MS, = (C, + C,-C,C;- I) M, The linear combination of MS; s
2 2
X, X,
[C3d303 ]“‘[(Cz ~C\Cs)dy, H
Us Y2
d30; _

73 72

approximately distributed as

where under H,.03 =

By Satterthwaite’s approximation MS; is approximately distributed as

s

g Xh’” . Taking expectation and variance of MS; and solving, we obtain

CZ 4 4
Shcmeer®| L fm-com)
m_L 73 2 1 an 1’”:
g1 = 2_4 o2
1 lC3U§+(C2_C1C3)JZZJ {6‘303 (C ~-C\C5) %
Ly %)

n

2
Thus, MS,is approximately distributed as g;" A" ;;lh‘ and F'" to be valid,
1

the following condition must be satisfied.

[C3 M3 +(C,-C C3 M, ]
[(C2+C3 G C3'1)M]

2 F, 0(0.975) - Fy, (0.50) (1D)

for h{"<100 and hj"<2n;.
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Distribution of Fl'

The statistic Fl' can be written as

b= M .(12)
MSN

where MSN=MS, - MS, =[C;M; - (C, C4-Cy )M, —(C, +C;5-C, C5 - )M, ]

2

. . . . r A
and which is approximately distributed as [CSUS . 8 hy i ]Where

oi=EM;)/H,= d;“3 and gih) =E[(C, C; -C5)M, +(C, +C;5-C, CI-1)M, |/ H,.
3

Following Satterthwaite’s [5] formula for lincar combination of mean
squares with negative coefficients, MSN is approximately distributed as gl Z;fl

Taking expectation and variance of MSN and solving, we obtain

{Cfdé‘ (e h{)z} o]
g;k: s hl . and hl*z 62'3043 —&ih -
lC3U32 -8 hf] Cioy _(g{ h{)
by hy
Therefore, T/ = My s approximately distributed as
MSN
2
yz Uy EM,) .
_— 7 ——F(v,,h
N or EMSN) (Vg.hy) ..(13)
) 22
gl ) —-
h

and thus under Ho, F[ is approximately distributed as F> ~ F(U s hf)

Distribution of Fl' !

The statistic Fl' " can be written as
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e Ms (14)
where  MSN=MS, - MS, =[C;M, - (C, C;-C,)M, +(C, C; + 1-C, -C;)M, | and

2 2

. . . . . " HZ h1” 2 ZUZ

which is approximately distributed as | &1 71 m ~(C1C5=Co)o3
1

Uy

where o3 =E(M,)/H, = df]”z and g/'m'=E[CsM; +(C, C5 +1-C, -C;)M, |/ H,,.
2

Following Satterthwaite’s formula for linear combination of mean squares
with negative coefficients, MSN is approximately distributed as gl* ¥ ;1 .Taking

expectation and variance of MSN and solving, we obtain

Therefore, F/'= I\}I\/IT?\I is approximately distributed as

1]

Uy » (15
(er) Yo EMSN) | (1
g1 " hl**
and thus under 11, F/" is approximately distributed as F''~ F(u h *)
Distribution of Fl' "
The statistic Fl' " can be written as
Fvlm: M4 (16)

MSN
where  MSN=MS, - MS, =[C;M; + (C5 -C; C3)M, -(C, +C5-C, Cy - 1)M; ]

and which is approximately distributed as
2
2 %4 h

2
A

Hr_(CZ +C5 -GG _1)01

h U

e 1
gl

where 612 =E(M,) and g"/"=E (MS,)/H,. Following Satterthwaite’s formula

for lincar combination of mean squares with negative coefficients, MSN is
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approximately distributed as g 1* “x ;1 .Taking expectation and variance of MSN and

solving, we obtain

i m

r 1

{ (glmhl”)z (Cz +C; -GGy _1)2014}

8 =

l(glmhl”)_(CZ +C5 -GG _1)012J

ot [(glmhlm)_(cz +C5 -GG _1)012]2

and b=
(g{” hlm)2 _ (Cz +G3 -GG _1)2 or
% m
d404) ;554

M, . ) . 74 Yy

Therefore, F/"= —2_ is approximately distributed as ——————— oras
h e
g1 M 3
EM) |5, 1) (17)
E(MSN)

Thus, under H, /" is approximately distributed as "'~ F(u b **)

Conclusions:

1. On considering both the coefficient of F as positive, we obtained p 1+ which

has approximately chi-square type distribution and the statistic F; is
approximately distributed as central F distribution with respective degrees of

freedom (04 Jhy )

(i1). On considering both the coefficient of F as negative we found that MSN is
approximately distributed mjjkjkjlas & Z;fl and F-statistic is distributed as
F!~Flo,, h])

(i1). On considering the coefficient (C G, =C 2) as negative and

(l +C,C,-C, - C3) as positive we have seen that MSN is approximately

distributed as &1 X~ and F- statistic is distributed as F'~ F(U4 Jh, )
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(iv).  On considering the coefficient (C2 +C,-C,C, -l) as negative and

(C 5 —C1C3) as positive we get MSN is approximately distributed as
&1 Xy~ and F-statistic is distributed as 7"~ F(u4, Iy )
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